WORKSHOP ON p-ADIC PERIODS
THE SPEAKERS

ABSTRACT. These are notes from the Workshop on p-adic periods in Alpbach, Austria organized
by the ETH and the Universitit Ziirich and meeting from July 18th — 23rd, 2010. Many of the
talks were expositions of or heavily based on the notes of Berger. However, many speakers did
synthesize enough information in their talks in the form of motivations and expansions that the
notes may still prove useful in their own right.
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1. RAMIFICATION FILTRATIONS AND THE AX-SEN-TATE THEOREM

1.1. Notation. There is a lot of notation which will be convenient to fix at the outset.
We assume:

14
17
19
21
23
24
26
27
30
34
38
43
48
52
56

The workshop organizers were G. Wiistholz (Chair), A. Kresch, C. Fuchs who worked with special help of Laurent
Berger within the ProDoc module Arithmetic and Geometry. The speakers were Rafael von Kénel, Jonathan
Skowera, Claudia Scheimbauer, Lars Kiihne, Joseph Ayoub, Daniel Haase, Aleksander Momot, Hiep Pham,
Thomas Preu, Jun Yu, Mingxi Wang, Philipp Habegger, Giovanni Di Matteo, Sergey Gorchinskiy, Laurent

Berger, Brent Doran, and Sergey Rybakov. The notes were recorded by Jonathan Skowera.
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e K is a complete discrete valuation field.
e L/K'/K are finite Galois extensions.
e L/K'/K are separable extensions.

Then a lemma says there are unique valuations on K’ and L extending the valuation on K.
Another lemma says the valuation rings O} of K’ and Oy of L are the integral closures of
Ok in K’ and L respectively. A third lemma says there are y € O and z € Op such that
/K = OK[y] and OL = OK[ZE]
We define the higher unit groups of L to be
U™ :=1+my.

Of course, the definition would work for K’ and K as well.

1.2. Lower ramification filtration. The action of the Galois group G descends to quotients
Op/m? (Why? Automorphisms of L fixing K map integral elements over Ok to integral elements
over O, and invertible elements (O, \ mz) are mapped exactly to invertible elements.)

Definition 1.1. Define the lower ramification filtration of G' using this action by
G, = {g € G| g acts trivially on O /m}*'},
for n € Z>_;.

Then
G=G >G> >G, ={1}
(there should be not equal signs under each normal symbol!) for some n; € N which are
commonly called the i-th ramification numbers.
We can come by an equivalent definition of the filtration because
g acts trivially on Oy /m}*t <= ga—acm}t Vaec O,
<~ vlga—a)>n+1 VaeOp
— v(gr—x)>n+1
Remember the notation that O, = Ok|x]. The last line follows because v, (ga—a) > v (gr —x)
for all a € Op. So we could equivalent define the filtration by

G,={9€G|v(gr —x)>n+1}
The filtration is compatible with the “top” of subextensions but not the “bottom”:
H,=HnG,
but, generally speaking,
(G/H), # 7(G,) 7:G—>G/H
It will be convenient to write the right hand side as G,,H/H, the set of all G,, cosets of H.

1.3. Upper ramification filtration. Now we’ll look for a filtration that’s compatible with the
“bottom” of subextensions. To this end, we’ll make two preparations.

First, we’ll allow any v € R>_; to appear in the subscript of the filtration by using the second
definition given above. This works since v (gz — x) > u + 1 makes sense for non-integral u.
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Second, we’ll simplify notation by introducing a function
ic:G — NU{oo}
g — vilgr—u2)
The definition does not depend on the choice of generator z, and could also be defined as
ic(g) = sup{n | g acts trivially on Op/m]}.

The second definition is useful in proving properties of i below. With this notation, the
ramification groups can be written as

Gu={9 € G |ic(g) > u+1}.
The strategy is now to find the relation of «’ to u where
G.,H/H = (G/H).

which will be solved be relating iq, g to ia.

Theorem 1.2. For any g € 0 € G/H,

. 1 .
Zg/H = Zlg(gh)

e /
LIK" e

Proof (Tate). Case o = 1: Both sides are +o0.
Case o # 1: The proposition is equivalent to

er/kric (o) = Z ic(gh)

heH

Now e /krig/u(0) = vi(oy —y) = vi(gy —y) and Y,y ic(Gh) = vi([,cpy(Ghe — x)). The
statement is then equivalent to

(9y —y) = <H(ghx —x)> = mp.

heH
This is true, but the proof is omitted. U

We'll want to rewrite the terms in the sum using the relation i¢(gh) = inf{ig(h),ic(9)},
where we now need to choose a special g, in particular,

g = arg max,c,ig(g).
This relation follows from two cases.
Case ig(h) > ig(g): Then
ic(9) 2 ic(gh) = inf{ic(9),ic(h)} = ic(g),
where the first relation is by the definition of ¢, and the second relation follows by considering
the definition of i¢ in terms of action on O /m?}. In this case, i¢(gh) = ic(g).

Case ig(h) < ig(g): Then we immediately have i¢(gh) = ig(h), again by examing when the
actions on the quotient rings are trivial.



4 THE SPEAKERS
We’ve now found the relation between u and '
(G/H)y = {JEG/H|Z'G/H(0)2U'+1}

- {0 cG/H | S inf{in(h),ia(§)} = o' + 1}

heH

€L/K!
Define Herbrand’s function for a Galois extension L/K as

(bL/K = —me{zc )
gGG

This has a simpler form. First note that ey x = |Go| since Gy is the inertia group. Second, take
the derivative of ¢/ at u such that n <u <n + 1 for some n € Z>,. This is

# of g € G such that ig(g) >n+2  [Gpya| 1

Poyac) = (e TG Go G
This suggests the traditional definition of

w dt
s () = / Eprent

where we interpret [Gy : Gy] as 1/[G; : Gg] for t < 0. This is a piece-wise linear, increasing,
concave function with kinks at some integers. It is equal to u on the interval [—1,0].
With the notation of Herbrand’s function, we may now write

GuH/H = (G/H)s, s (u)-
Finally, let ¢/ (u) := qzﬁz/lK,(u) be the inverse of Herbrand’s function.

Definition 1.3. The upper ramification filtration is defined as
G" = G¢L/K(u)'

This indeed satisfies the desired property:
(G/H)" = (G/H)yr )
= GT//L/K/WK//K H/H
= G"l}L/K(u H/H
= G"H/H
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The third equality comes from the relation ¢;,x = ¥k 0 ¥k, or equivalently, from ¢,/ =
¢k Kk © ¢ K- The second relation can be seen by comparing the derivatives of both sides:

(Prr/rc © ryrr) (w) = Py jre(Pryrr(w)) - @ yper ()

1 1
= |<G/H)¢L/K’(u)| ’

6K//K
1
= |G H/HI||H,|
€L/K
|G H| - |G, N H|
| Hol - [H]|
Gul _
= m = ¢L/K(U)

| Hy|
eL/K,

1.4. Properties of the filtrations.

e Gy = G is the inertia group (of the only prime ideal my).

e The fixed field LE0 is the maximal unramified extension of K in L.
o [/L% is a totally ramified (at my) extension.

[ J

G/Gy = G/{g € G| g trivial on Oy /m; = L}
= Gal(L/K)
o« U, /U =T
oen>1:
Gi/Gipr = UL /UL = mp/mpt =L
a7rr
g—— u — u-—1
L
The first morphism is well-defined because g € G; <= gnp/mp:

T T
n—l—lSig(g):I/L<g7T—7T):VL(ﬂ')—l—VL(g?—l):1—|—I/L<g?—1>,

which is true iff gr/mr e m} +1=U én). To see it is a homomorphism, use the decompo-
sition
ght  gn hr g(iZ)

™

N
The last isomorphism is true because m? /m’*! is a 1-dimensional vector space over L.
Furthermore, if Qf, := (mz/m?%), then Ug)/USH) =N

e If char L = p > 0, then
GOgZ/mZKé7 ‘é’ :pka
for some k£ € N.

If char L = 0, then
Go=2Z/nZ,  Gi={1}
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for some n € Z.

—_—

1.5. The completion is algebraically closed. Define C, := Zlg, where the = denotes com-

pletion in the p-adic norm. One might wonder if, after taking the completion of the algebraic
closure, the field is no longer algebraically closed, but thankfully in this case it is by a theorem.

Theorem 1.4. Let K be a complete valued field. Then RT algebraically closed.

The proof relies on a reduction to the finding of a root of a monic polynomial in O =, [x],
and then applying Hensel’s lemma and induction on the degree of the polynomial. See Berger
Theorem 3.3.1 for more details.

1.6. The Ax-Sen-Tate theorem.
Theorem 1.5 (Ax-Sen-Tate). If L is a complete p-adic field and Galois extensions L C K C
L™ then completion is compatible with taking the fized field of the Galois action, i.e.,
—— Gal(L/K)  ~
Lalg —

)

where the Galois action has been extended by continuity.
Proof. For simplicity, we’ll use the notation Gx := Gal(L*#/K).
Case K C I//al\gGK: True.
Case K D i " Let a € Lol K, so by completeness, o = lim,, o, for some «,, € L2, Let

Ak : LM — Z U {o0}, a > sup |ga — alp.
9€GKk

be the maximal distance from a to any other root in its minimal polynomial. Then
lim Ag(a,) =0.

n—oo

The key lemma, which we prove below, says that for each «,, there exists a 3, € K such that
|y, — Bn| < Ak (cv,) for a fixed constant ¢,. Thus

li n — Pnlp —
Tim oy, = Bal, = 0
and N
a=Ilimg, € K.
OJ
It remains to prove the key lemma.

Lemma 1.6 (Ax). Again, let L be a complete p-adic field and L C K C LY. For all o € L%,
there exists an approrimating B € K whose distance from « is

la = B, < Ak(a)
for ¢, = pP/ (=1,
Proof. First let ¢,; := p'/ (pi“*pi)). In fact, we show that there exists a § € K such that

K(n) o0

o =Bl < | [ ews | Axla) < <H Cm) Ag(a) = Ak (a),

i=1 =1
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where n := [K () : K] is the degree of o and £(n) := max{/¢ | p* < n}. The proof is by induction
on the degree n of a:

Casen =1 : It’s true.

Case n > 1: To apply induction, we’ll want to reduce to the case of some 3 of degree less
than . That means bounding |5 — «/, in terms of Ag (), which is the upper bound of |o/ —a|,,
for roots o' of the minimal polynomial of a. The idea is to view o' — « as a root of the
translated minimal polynomial whose roots are all bounded by Ak («), and find 8 — « as a root
of a derivative of the (translate of) the minimal polynomial. For this strategy to succeed, we’ll
need a relation between bounds on the zeros of a polynomial and bounds on the zeros of its
derivatives. The following lemma does the trick.

Lemma 1.7. If f € L[x] is monic and ||, < § for all roots v of f, and write deg f = p*d for
2 < d < p. Then there exists a £ € K such that

FP) =0, and €], < cppd.

Let p(z) := mqo(z + ) where m,, is the minimal polynomial of cv. Then by the lemma, there
exists a v € (L*8)9% = K such that p®")(y') = 0 and ||, < cpxAx(a). Define v := 4 + a.
Then .

me(3) =0 and |y — al, < Ax(a).
It follows that if g € Gk, then
19() = = l9(v) —g(e@) + gle) —a+a—7l,
< supflg(y — a)lp lg(a) — aly, |y — aly}
But [g(y — o)], = |7 — al, < Ak (a). Also, |g(a) — al, < Ag(a) by definition, so
9(v) = < Gprlx(a)
and hence

Ax() < eprla).
Then by induction there exists 8 € K such that |8 — ], < []\-} ¢,iAk(a), so

k-1
B—al, < (H Cp,i) Ax(7)

=1

(H Cpﬂ‘) Ag(o) < A ().

IN

2. WITT VECTORS
Claudia on Monday, 19th of July, 2010.

2.1. Motivation. We may write every element of Z, as an infinite sum with integer coefficients
between 0 and p — 1. In other words, this gives a set-theoretic function f : F, — Z,, where

z, =z
<~ ~~

=14d1 =141
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and the sums of z ones are taken in the respective ring, and every element in Z, can be written

uniquely as
T = Zplf (i)
i>0
Furthermore, note that the residue field of Z,, is the coefficient set I, = Z,/pZ,.

We might ask if elements of € Z, may be described by other choices of coefficients given by
set functions f : F, — Z, such that every z can be written uniquely as x = Y, p'f(x;). The
answer, of course, is yes, but some questions arise:

e Is there a canonical choice of representatives f7
e What are the relations for addition and multiplication in terms of the coefficients?
e [s something similar possible for more general rings?

As for a generalization of this construction, we consider so-called perfect rings R of charac-
teristic p (meaning that the Frobenius x +— z? is an isomorphism). We want to construct a ring
W (R), the ring of Witt vectors with coefficients in R, similarly to the construction of Z, out
of F, above; particularly, we want that W(R)/pW (R) = R. The Witt vector construction then
gives a so-called perfect p-ring W(R). This construction turns out to be a functor

R— W(R)

from the category of perfect rings of characteristic p to the category of perfect p rings. Moreover,
given a perfect ring R, the associated perfect p-ring W (R) is unique up to isomorphism.

This construction also works for arbitrary rings, but in that case one looses the uniqueness
of the ring W(R). As we will only need this construction under the assumptions above, we will
restrict ourselves to this case.

2.2. Teichmiiller representatives.

Definition 2.1. Let A be a (commutative, unital) ring which is Hausdorff and complete for the
p-adic topology, such that R = A/pA is a perfect ring of characteristic p, and such that p is not
a zero divisor in A. Then we call A a perfect p-ring.

The Witt vector construction takes rings which play the role of R and gives a perfect p-ring:
R—W(R)=A
Example 2.2. A = Z, with R =TF),.
Before constructing the Teichmiiller lifts, we need a lemma.

Lemma 2.3. Let A be a ring, and let v,y € A such that x+ = y mod pA. Then, Vi > 0,
2P = y? mod pitlA.

Proof. By induction and the binomial theorem for the base case and the induction step. 0
Theorem 2.4. Let A be a perfect p-ring and R = A/pA. Then
(i) There exists a unique system of representatives [-| : R — A which commutes with p-th
powers, i.e. [zP] = [x]P.

(ii) Let a € A. Then a € [R] iff for all n, a is a p-th power (in A).
(iii) The representatives are compatibile with multiplication: Ya,b € R, [ab] = [a] - [b].
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Proof. (ii) and (iii): follow from (i) and similar arguments. (Exercise.)
(i) : Let # € R. We will construct [z]. Take an arbitrary lift 7 € A of z. Let ™ be the p"-th
root of # in R (note that R is perfect, so the p"-th root is unique), so (z™+1)P = (™. Take

arbitrary lifts of (™ as well, call them z().

n

Claim: The sequence (@) converges in A to an element [z] which depends only on x.

/\p —
Apply the lemma above to x = x(®*1) ¢y = (" to show that the sequence is a Cauchy
sequence. The ring A is complete, which shows convergence. To show the independence of the

lifts, if - is another lift, the apply the lemma to z = (M, y = (™.
Thus the given sequence converges and depends only on x. Denote the limit by

tim ()" = [2].

n—o0

Definition 2.5. The element [z] € A is called the Teichmiiller lift of z € R.

Remark 2.6. If a € A, then a has a unique representation of the form
a= Zp”[an], a, € R.
n>0
This representation gives a bijection (as sets)
A— H R.
n>0

oo

2.3. Example. Let S be the closure of Z,[X} ,Y;.pfw]izo with respect to the p-adic topology.
Here, the notation X7 " means that we're adjoining all p™-th roots of X;. Then

(1) S/pS = Zy[..]/pZy[..] = Fp[XI ", YF "lizo = R, a perfect field of characteristic p.

(2) S is a complete Hausdorff ring, since Ny,>op"Z,[...| = 0.
(3) pis not a zero divisor.

So we see that S is a perfect p-ring. Note that the Teichmiiller lift of X; € R is [X;] = X; € 5,
and similarly for Y;.
Now consider the elements ) ~,p" X, and > - p"Y, in S. Their sum and product again

are elements in S and by remark 2.6, there are elements S,,, P, € F,[X? ~,Y? " ;50 such that

(2.1) S Xa+ > Y=Y p"[S]

n>0 n>0 n>0
(2.2) DX, D Y= p'[Pl.
n>0 n>0 n>0

oo

In fact, one can show that S,, P, € F,[X? ~,Y"  Jicn.

2.4. Addition and multiplication in perfect p-rings.
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Proposition 2.7. Let A be a perfect p-ring, R = A/pA, Vi : x;,y; € R. Then,

S vl + ) vl = D p'Siw; )]

>0 >0 >0
S 0] Y vl = D PP, y)]
>0 >0 >0

Proof. Consider the homomorphism

T Ly XYY im0 = AT X e [,y [yl
and then extend it by continuity to = : S — A. Note that this is well-defined since the
Teichmiiller lifts commute with taking p-th powers.

Now apply 7 to equations (ZI)), (2.2) and use that [-] commutes with 7 (resp. 7 : F,[X? Y7~ ]iz0 —
R). O
Remark 2.8. By the proposition above, addition and multiplication in perfect p-rings are given
by universal formulae and by the addition and multiplication structure of the residue ring R.

Thus,
AST]IR
n>0
as rings, where the ring structure on the right is determined by formulae (2.1]), (2.2]), and is not
the usual component-wise structure.

2.5. Construction of Witt vectors with coefficients in R. Let R be a perfect ring of
characteristic p, and let J be some set. Define

S := p-adic closure of Zp[Xffoo]jeJ, Ry :=S;/pS; = ]Fp[Xffoo]jeJ.

Similarly to S from above, S; is a perfect p-ring.

Remark 2.9. If R is perfect of characteristic p, then R is the quotient of some R; by an ideal
I. Take e.g. J = R, then there is a surjection R; — R, X, — r. Note that this surjection is
well-defined since R is perfect of characteristic p.

Theorem 2.10. Let R be a perfect ring of characteristic p. Then there is a unique perfect p-ring
W(R) such that
W(R)/pW (R) = R.
If R is another perfect ring of characteristic p and f : R — R' is a homomorphism, then there
1 a unique lifting
W(f): W(R) — W(R).

Proof. By the remark above, R — R;/I, where I < R is some ideal and .J some set. Define

W(I) := {Zpl[xz] | z; € I} <.8y.

Then define the Witt ring of R to be
W(R) :=S,;/W(I).
Claim: This is a perfect p-ring with residue ring R.
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e W(R)/pW (R) — S;/(W(I)+pS;) — R;/I — R, where the first two isomorphisms
can be written down explicitely

e p is not a zero divisor in W (R)

e Sy is complete by definition, and W (I) is closed is S; (easy to verify), so W(R) is
complete.

e Since [),5,2"S; =0,

() (S, + W (1)) = W(I),

and therefore W (/1) is Hausdorff.

Now consider the isomorphism W (R) =[]+, R, where, as discussed above, the right side is
determined by the formulae 211 and 221 Thus, the structure of the ring is fully determined by
these formulae and the addition and multiplication in R, and so two such rings are canonically
isomorphic. Thus, W (R) is unique.

For a homomorphissm f: R — R, define W(f): W(R) — W(R') by

i>0 i>0

This is a necessary condition, since we want W (f) to be a homomorphism and since the poly-
nomials defining the addition satisfy

Sn(Xlu-"aXna}/iu---7Yn) :Xn+Yn+An<X17-"7Xn717Y17'"7Yn71)7

where A, is a polynomial in Xq,...,X,,_1,Y1,...,Y, 1. Furthermore, this is well-defined as a
map. It remains to check that this indeed is a homomorphism:

W(f) (Zpi[mi] + Z]ﬂlﬁ]) = W(/) <Zpi [si ((x;);, (%’)j)])

1>0 1>0 1>0

= S S ()5 )]

>0

= > DS ((F@)s (F:))]

1>0

= N P f )]+ >0 1f ()]

i>0 i>0

= W(f) (Zp%]) +W(/) (Zﬂm) :
i>0 i>0
and similarly for multiplication.
Thus, W(f) : W(R) — W(R') is a homomorphism and unique. O

Remark 2.11. The Frobenius ¢ : R — R extends to W(p) : W(R) — W(R) and is often again
denoted by .

Ezxamples 2.12.
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e R=F, W(R) =1,
e R=F, q=p", W(R)=Zp[(y)—1], where (,_; is a primitive (p — 1)-st root of unity,
e R=R;, W(R)=S, from above.

2.6. Extending homomorphisms. In a similar vein as the previous result, we’ll show lifting
for morphisms to rings complete in the p-adic topology:

Theorem 2.13. Let A be a ring, complete for the p-adic topology. Let R be a perfect ring of
characteristic p. Let f : R — A/pA. Then there exists a unique W(f) : W(R) — A.

Proof. Let x € R, and take any set-theoretic lifting f R — A. Let (™ be the (unique, since
R is perfect) p™-th root of x.

Claim: The sequence (f@(”))pn) converges in A.
>0

n>
The proof is similar to the one of the construction of the Teichmiiller representatives: Consider

Yn = f(2™), 9 = f(x(”)). Then 9,+1” = 7, mod pA and by the lemma above, y/n\ﬂpnﬂ =g
mod p" Tt A. Therefore, the sequence converges.
For x € R, define the desired map by
W (f)([2]) = Jim fla™)"

n—oo

Then,
(2.3) F@P" = w(f)([2]) mod p*A.
For any element ), p'[z;] € W(R), define

(zp ) S W)

>0 1>0
This conditions are necessary and thus, it remains to Show that this defines a homomorphism.
Since f is a homomorphism and R is perfect, f ((xy)(” ) = f(2M)P". f(y™)P" and therefore,

W) (=] - [yl) = W(H([]) - W ()([)-

For arbitrary elements Y.~ p*[2], > ;=0 p'[1i] € W(R), the multiplicativity follows directly from
the above, the definition, and since f is a homomorphism.
Additivity is more involved, and we will show it modulo p™ for every n. Recall that in S, the

—o0 oo

Yp7 ]i>07

(Xo+pX1 +- 4+ 0" X))+ (Yo +pY1 +---+Y,) = [So] +p[Si] + -+ +p"[S.] mod p"T'S,
where [5;] is short for [S; ((X;);>0, (Y] )]>0)]

Denote the p"~th root of S; ((X;);50, (Y;)j50) € Fp[XF Y  Jiso by 5™ and a lift of this
root by 5™ € S. Then,

p-adic closure of Z,[ X7
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Therefore,

(Xo+pXi 40" X))+ (YorbpYi - 4Ya) = (7)) +p(S7)" 449" (S7)”" mod p"*'S.
Let xg,...,%n, Yo, ---yn € R. Similarly to the proof of the addition and multiplication formu-

lae, using a suitable homomorphism, we apply this formula to X; = f(x§”))l’" and Y; = f(ygn))p”.
Then,

= Sy (TP Ty 4t SO TP mod prtA
Plugging (23] into this equation, we get

> W) ([zd) + o'W ([wd)

>0 >0 1>0

>0 S (UG F));) | mod pa

—_— n
~ ~ (

yjn)))j)p HlOd pn+1A

Il
’Eﬁ
2N

2
/N
—~
-
oun

&
oL~

2
~—
~—
e
—~
—~

g

- [£(Sil(5);, (y);))]  mod p"FiA

=

(RN
ngRilNg
’@@ ’Bs

- W(A[Si((x5);, (y;);)])  mod p"H'A,

Thus, for every n > 0,

W(f) (Z pw) +W(f) (Z P Lw]) = W(f) (Z plel +> 0 [yi]) mod p" ' A,

i>0 i>0 i>0 i>0

and thus, W (f) is additive. O

We now give an application of this extension of homomorphisms which will be needed in later
chapters.

Definition 2.14. Let R be a ring of characteristic p. Define the perfection of R by
Perf(R) := lim R,

where the projective limit is taken with respect to the Frobenius x +— xP.

Corollary 2.15. Let A be a ring, complete for the p-adic topology and let x = (xo,21,...) €

Perf(A/pA). For every i, choose a lift T; € A. Then (¥ )iso converges in A to an element (©)
which only depends on x. Set f : Perf(A/pA) — A, f(z) = z©. Then the map

0 : W(Perf(A/pA)) — A, sz[xz] — Zpixgo)
18 a ring homomorphism.

Proof. Apply the theorem to the composition of f with the projection map A — A/pA. O
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Remark 2.16. The notation in (9 differs from the notation of (™ as the p™-th roots of z from
before. The notation used in this theorem is consistent with the notation used commonly in the
literature.

Proposition 2.17. The map 0 is surjective iff the Frobenius morphism of A/pA is surjective.

The corollary and the proposition will be applied later to the ring A = O¢,. Furthermore, we
will use the following notation.

Definition 2.18. The rings E+ and A* are defined to be

E* := Perf(Oc,/pOk,), At = W(E™).
By the corollary above, we get a homomorphism
0: A" — Oc,, ZPZ[%] — Zpixgo)
which is surjective by the proposition above.

2.7. Witt vectors over valued rings. Let R be complete for a valuation v : R — R U {oo}.

Definition 2.19. The weak topology on W (R) is the topology of ”component-wise” conver-

gence: if
[o.¢]
an = Zpk[an,k]
k=0

Then a, — 0iff Vk:  v(api) = +00 as n — oo.

In other words, considering the ring isomorphism W(R) — [], -, R, then the weak topology
on W(R) is the topology on W(R) induced by the product topology on [], -, R where every
component R is endowed with the topology coming from the valuation.

Thus, by construction, in this topology,
W(R) = ][R
n>0
as topological rings. Moreover, because R is complete for the valuation v, by this isomorphism
of topological rings, W (R) is complete for this topology:
Theorem 2.20. W(R) is complete in the weak topology.

3. CYCLOTOMIC EXTENSIONS AND THE COHOMOLOGY OF C,

Lars Kiithne on Monday, 19th of July, 2010.
To begin, some notation:

o :=0Q, F, =Q¢)

® (,n = p"-the root of unity.

e K/F finite extension.

o K, :=QK((m)

® Foo = UzFu Koo = UKZ

o G = Gal(F¥/K)
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o Hy = Gal(F“lQ/Koo).
o Gx/Hk = Gal(K«/K).
3.1. Basic facts.

Proposition 3.1.
an/F:pn_l(p_l):[Fn:F]’ an/le

Proposition 3.2.
Or, = Or [Cp”] = Zp[Cp"}

We may define the cyclotomoic character y on the Galois group of a cyclotomoic extension of
the p-adic numbers.

Definition 3.3.
Gal(F,/F) =, (Z/p"Z)"
Then take the inverse limit over n to define the character on Gal(F/F).

Some statement about Cﬁ equals something.
The character is a continuous, open map with kernel:
ker(x) = Gal(F™ /F,.) = Hp
So much for the extensions of F¢ over F,, and F,. The point of this talk is to deal with the
more complex case of the extensions of F®lg over K, or K. First, a few observations:

e In general, Ok, # Ok|[(pmn].
e For n > 0,

JEpir )0 = Knp1 = Ky - Fupn = K Frp = K.
e Forn>0, Koo = K,.
o Forn >0, [Kw: Fxl =...=[K,: F,) and [K,41 : K, = [Fo1 : F] = p.
o Gal(K,/Fy) — Gal(K,/F,).
The tower of all K,,’s behaves somewhat like the tower of all F},’s. Checking the difference
between the differents of K,, and F,, shows they are not to far apart.

Theorem 3.4. Retain the notation of the talk. Let 0y, /r, be the different of K,, over F,,. Then
the sequence p"vy(dk, /F,) is bounded.

Theorem 3.5. Retain the notation of the talk. Then
tr ko (Mi ) = Mg
Corollary 3.6. For all 6 > 0, there exists a lower bound N such that for every n > N,
K,=0ge & - @& Op,eq
for some e; in some prescribed field. Then v,(ef) > 0.

Theorem 3.7. For all § > 0, there exists a lower bound N such that for every n > N, the
following holds. Let x € O, ., and let 0 € Gal(K,11/K,). Then

1
o __ >(— _§.
vp(x :10)_(10_1 o
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Furthermore,

1
I/p<NKn+l/Knx‘ — .Z'p) 2 E — 5

Corollary 3.8. For such an N, let [ = {z € Ky | v,(x) > Iﬁ — 0}, Then the following map
15 well-defined and surjective:

Ok, /UNOk,,,) = Ok, /(INO), T a? =Nk, /k,(2)
Proof. This is well-defined. Surjectivity takes more work. O

3.2. Tate’s normalized traces. For n > 1, the morphism,
1
Rn . Foo _>Fm IHEU' Fn+1/Fn<x>’

is well-defined.
e R, is in fact continuous (in p-adic topology). Thus R,, : F, — F),.
e The limit lim,, ,, R,(z) = x.
e Then R, satisfies the following inqueality evaluated at integers (from where?) m,
e We can calculate: i )
; 0 ]
R,:¢ j .
Cp"Jrk { Clj,n+k pk ¥
The R,, map is defined on the K,,’s as well. We use the representation of elements of K, as
T =0t o m, (Te)e) = 3, wie

d
R,: Ko — K,  R,:xw Y Ry(x)e
j=1

for e € K,,. . .
Returning to the F,’s and R, : Fy — F,,, let X, :=ker(R,,). Fo = F,, ® X,, Then
(g —amm) 1 X = X,
is bijective.
3.3. The cohomology. H°(G)
Theorem 3.9. Let ¢ : Gx — Z; C Aut(Q,) be a character such that ¥(Hg) = 1. Then

let Q,(1)) be the one-dimensional representation, and C,(v) be it’s extension. Then the zeroth
cohomology of C,(¢) is given by

The first cohomology has dimension over K given by,
dimye H' (G, € (1)) = { 0 O te

1 9 finite
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3.4. Admissible representations.
Definition 3.10. Consider a representation p : Gx — Aut(V) of Gk on V, a Q,-vector space.
We call it B-admissible (for some sort of B’s which have Gk actions, of which C, is an example),
if

dimgox (B ®q, V)% = dimg, V

Notice that C[C);K - K =K.

4. THE FIELD E-TILDE

Hiep Pham on Tuesday, the 20th of July, 2010.
Let A be a ring of characteristic p. As we saw earlier,

T _ P
Perf(A) := @A = {(wo, 21,...) | 27, = 2},
where the limit is taken over the system z — 2P.

Lemma 4.1. If O is a p-adically separable (i.e., Hausdorff) complete ring, then, the multiplica-
tive map

¢ : Perf(O) — Perf(O/pO)
T = (2)n = (20 mod pO),
15 a bijection.
Proof. We define
Y Perf(O/pO) — Perf(O)

for any n, choosing a lifting z,, € O of z,,. Then

3™ = lim ol eo

since (z*V)P = 2™ If x € Perf(O), then x = (v,), = (™) for some z, € O/pO and
™ e 0.
It is easy to see that this map is the inverse of ¢. 0

Note that (zy)™ = 2™My™ and (z + 1) = lim,,_e0 (2™ + ytm)P"
Definition 4.2.

E+ = Pel“f(O(cp)/pO(cp)
Proposition 4.3. (vg, E‘*) is a complete valuation ring.

We can easily check that
o vp(zy) = vp(2)rp(y).
e vp(2) =0 <= 1,(z) =0 <= 2 =0 <= =0.
e vp(z +y) > min{ve(z), ve(y) }-
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Assume 2,y # 0. Then (™, y™ #£ 0 and vg(z) = v,(z™) = p"v, (™) for all n. From this it
follows that there exists some n > 0 such that
l/p(x(”)), Vp(y(n)> <1
since (2™ + )™ = 2 4+ 9™ mod p, we have
vp((2 +y)™) > minfy, (z™), v, (y™), 1}

By the previous equation, this means v,((z +y)™) > min{v,(z™), v, (y™)}.

If (x,), is a Cauchy sequence in E*, then (3;7(10))” is a Cauchy sequency in Oc,. But by
completeness, this limit converges to z© = lim, ., %(10) € Oc,. Thus we see

lim z, =2 = (2©,2M,.. ) e EF
n—oo

so (vg, ET) is complete.

Definition 4.4. _ _
E := Frac(E")

It has a valuation inherited from E=.

Then _ _ _
Op={r€F|vgx) >0} ={zcE|2® €O, =E"
The maximal ideal is mz, = {z € E | vp(z) > 0}.
Consider the morphisms N N
1/} . E+ - Ocp/pO(cp —» Fp
The first morphism is called 6y, a special case of the family of maps
0, BT — Oc, /pOkc,, (xn) — 2y,

The second is called ¢ and is the quotient map, and the composition, as marked, is .
The kernel of ¢ is mz, , and

—~

€= (e(")) = (1, G, - - )

Let 7 := e — 1. Then 7 has valuation vg(r) = -2 and E=E" [1].
Theorem 4.5. E is algebraically closed.

Proof. It suffices to show that for any P(X) € E*[z] which is separable and homogeneous, then
P(z) has a root in E7.
Then there exist Uy, V) € E[X] such that UyP + Vo P’ = 1. Then there exists some m and
some u € ET such that B
U=u"Uy, V=u"V, € E[X]
Then vg(u) = 1, where u = (p™) and p™ = p.
For fixed n, there exists 2 € ET such that v(p(z)) > p" <= 6,(P(X)) =0.
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Then ug = 2m + 1 and (z,,) C E* so we can contenct

VE(Tpi1 — Tn) >0 —m, P(z,) € u"E*
So we see there exists ¥ = lim,,_,oc 2, € E* which is a root of P. O

4.1. The field H;. Some more definitions:
o Hp :=ker(x : Gp — Z;) = Gal(Q®/ L)
o Bt :={z € Et|z;€ O, /pO,_Vi>0}.
o B, = BF[1].

These satisfy a number of properties:
° EL = EHL.
o If K/Q, is a finit eextension of fields, then
Ex = UL/KEVL
where the union is over finite extensions.

° E\;( is dense in E.

Gal(Ex/Ex) = H.

o Eg, =T,[x]].

Eg, = Fp<<7TD.

o = E(SQ?;) C E.

We conclude with a theorem.

Theorem 4.6. The morphism
Hg, = Gal(E/EQ,)
s an isomorphism.

5. SOME A’S AND B’S AND MOTIVATION

Thomas Preu on Tuesday, the 20th of July, 2010.

5.1. Motivation. Classical Hodge theory is the following situation. Let X be a projective C
manifold. Then ‘ '
@p+q=iH§h(Xa Qp) = HQR(X) = C ®z Hy

sing(

X,7Z)
If X is a smooth projective variety over L, a finite extension of Q, then
C ®p Bpq—iHY (X, W) 2 C®p Hyp = C Qg Hépp(Xan, Z)

This can be generalized from projective to proper varieties, and Deligne generalized it even
more over fields of characteristic 0 using mixed Hodge structures.

The interprestation is C is a field of periods linking algebra with topology and geometry.

The questions is, can we replace the X, by a non-archimedian (p-adic) analogue? If so, we’ll
need another ring of periods. Here are some theorems along those lines. If L/Q, is finite, then

Theorem 5.1 (Tate, Faltings). For X a smooth proper variety over a finite extension L]/Q,:
Bur ®p grHip(X/L) = Bur @q, H5(X 1 L, Q)
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Theorem 5.2 (Fontaine, Faltings). For X a smooth proper variety over a finite extension L/Q,:
Bar ®1, Hyp(X/L) = Bap ®q, Hz(X x1, L, Q)

Theorem 5.3 (Fontaine, Jansen, Faltings). For X a smooth proper variety over a finite exten-
sion L/Q, of semistable reduction:

Ba®r HZR(X/L> = By ®q, H;%(X XL z’ Qp)
Theorem 5.4 (Fontaine, Faltings). For X a smooth proper variety over a finite extension L/Q,
of good reduction: _
Beris Q1 H;R(X/L> = Beris ®q, H:t(X xp L, @p>
We saw yesterday that things were trivialized by the action of C, on the cohomology, so we
need to move to other rings to catch all the geometric information.
He presented a dictionary.

5.2. Definitions. We want to have rings to compute cohomology. The rings we saw last lecture
were of characteristic p, but we’d like to tensor with fields of characteristic 0. Thanks to Claudia,
we have the Witt vector construction which makes a ring of characteristic 0 out of a ring of
characteristic p.

Since Et is a perfect ring of characteristic p > 0, we may use the Witt vector construction to

make the following definitions.
Definition 5.5. We define four new rings.
o AT :=W(ET)C BT :=A"[1/p].

o A:=W(E)C B:=A[l/p].

One would like to have an un-tilde, un-plus version. What one would wish to do is like this:
A:=W(E) C B := A[l/p], but it doesn’t work since E' is no longer perfect. Of course, we may
lift the Frobenius morphism ¢ to the Witt vectors W (¢). Also, we may lift Galois actions by g

acts by W(g) for g € Galg,. So the action onn A* and A lifts by functoriality to BT and B.
We have 0 : E* — Oc, /pOc,. Sine O, /pOc, is complete, the Witt vector construction gives
O: AT =W(EY) » O,
which is surjective because the Frobenius morphism is surjective. This localizes to © : Bt — C,.

Definition 5.6. Define _
m:=—1€A", res(m) =€ —1

Definition 5.7. Define
Ag, == Zp((m)) C A, By, = Ag,[1/p]

also

B = B&r, A=BNA
There is a morphism
O : L®L0 EJF —»L@LO(CP—) (Cp

Z 7t [2] — Z WiLxEO)

i>k i>k
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where 77 is a uniformizer for L.

6. GALOIS INVARIANT DECOMPOSITION OF B-DR

Aleksander Momot on Tuesday, the 20th of July, 2010.
Definition 6.1. Define Bj; to be the formal completion of B* with respect to ker 6.
The object of the talk is the following theorem.
Theorem 6.2. Let Byp = Frac(Bj,). Then there is a “nice” element € such that
Bar = Byp[1/t] = ®nzot " Byg

giwes a Galois invariant decomposition in the following sense: if K/Q, is a finite extension,
g(t) = x(g) - t for all g € Gk, and there is a common diagram.

Br=ar[i] ——o0, [t] =c,.

p

| T

~ ~ W(0)=0
ny e At = W(E) 2 O,

mod pi modpl

T,y € BT = Perf(R) — Oc,/(p) = R
(Note that Perf(R) = lim. R where the limit is taken over x — a.) We call the morphism from
E* = Perf(R) to Oc, by the name f.
Lemma 6.3. Let € AT such that vgp(T) = 1. Then
kerf = zA*,  6(x) =0.
Proof. Let y € ker 6. Then by the diagram, vg(y) > 1. /T € E™, so
ker = zAT mod p

Then _
O,2AT + p*ker 6 = ker 6

We'll show this by induction. For n = 1, it’s true. Let n > 1. p-adic completeness yields the
claim. ]

The conclusion of this discussion is (BT, ker ©) is a DVR, hence (Bjr, ker ©) is a DVR.
We move on to an oberservation. (BT, ker ©) admits discrete valuation v such that

v(t) =1 <= (t) =ker®
Then [¢] — 1 is a generator of ker O in By Construct ¢ as follows. We’d like that
“t = log([e])"”
where € = ((o, (1, (2, .- .). We have

ve(ld —1) = —
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Definition 6.4. Define exponentiation by a € Z, by

= d =0 =3 (7)1 - v

k>0

where (Z) = w this will live in Bj.

Definition 6.5. Define the logarithm by

log(w +1) == Y_(~1)" """ € Q3% [[«]

k
k>1

It converges iff each term go to zero, i.e., arbitrarily high powers of [¢] divide it. Evaluated
at [e] — 1, this gives
([ =1)*
log(([]] = 1) + 1) = Y (1) S € Bk

k>1
Let g € Gk. Then g([e]) = [¢]X9). Why? Whenever x(g) € Z we know. Then extend the result
by continuity to all g € G.
Define ¢ = log(([¢] — 1) + 1) and
g(t) = log(([e]”" = 1)1 + 1) = log([e]*¥)) = x(g) - log(([e] — 1) = 1).
Now we have our decomposition, and
Bar = Upsot "Big

is a G g-invariant filtration.

Theorem 6.6. Then

1
Y€ t—nB:er \ Bar

Proof. There is an exact sequence
0 —tBjz = Bizr — C, = 0.
Tensor with “t" € Q,”.
0— "Bl < "B, — C,(x") = 0
Case n > 0: Then
H (G, Cy(x™)) = 0.
Also,
(thB:er)GK = (tnBcTR>GK~
By induction,
(tBir)“* C Nu1t"Big =0
Case n < 0: It is essentially the same argument.
Case n = 0: There is a left exact sequence

0— (tB(TR)GK - (B;R)GK - (Cp(Xn>)GK
We know the first term is 0. We conclude CEK = K.
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If you accept that
K C Bj.
is a G-equivariant way. Then the last arrow
+\G G
(BdR) K — (Cp K
is an isomorphism.
Writing leg as a union of finite extensions, we arrive at the previously mentioned diagram. [

7. DE RHAM REPRESENTATIONS

Jun Yu on Tuesday, the 20th of July, 2010. o
We're in the following setting: Bqr DO K D Q, and Bgr D (),. Then G acts on Bgr with
BSX =K.
For a p-adic representation V of G, let
Dyr(V) = (Bar ®g, V)
which is a Bf}? = K vector space. There is an injective morphism
aqr(V) : Bar ®k Dar(V) — Bar ®q, V-
Now we're ready for a definition.
Definition 7.1. A p-adic representation V of Gk is called de Rham if
dimg Bgr(V) = dimg, V

Equivalently, it is a Bgr-admissible representation, or again, a representation such that agzg(V)
is an isomorphism.

We then define the category of de Rham representations RepﬁiQf(G k). We'll also define Filtyp

as the category of finite dimensional C-vector spaces equipped with an action of...didn’t get it.
Index of Z with

(1) FiI'"'D c Fil'D |

(2) FiI'D =0 for i > 0 and Fil'D = D for i < 0.
The filtration category Filg is a tensor category.

Fil'(Dy ® Do) =y Fil"D; @ Fil*D;
i1+ia=1
In teh case D = K, '
FilI' = K, <0,0,i >0
Let V be a p-adic representation of G, and Dggr(V) is a filtered K-vector space. Then
Fil'Dgr(V) = Fil'Bgr ®q, V)%
Fil'Bir = t'Bj;
Theorem 7.2. The functor
Dyg : Repéf — Filg

1s an exact, faithful and tensorial functor.

Proof. Later if we have time. OJ
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7.1. Hodge-Tate representation. Byr = ®;czC, (i) where C, (i) :== C,7?
Then

g- (x-1') = x"g)g ()t
where ¢ is the cyclotomic chracter. - t'ycdott/! = x - yt'+7.
Proposition 7.3. de Rham-admissible implies something else is Hodge-Tate-admissible, and

dimK DdR(V) = Z dlIIlK gT‘ZDdR(V)
i€z

where gr* Dap(V) = t' Bl /t"" 1 B1,)9%. Then

> B/t Bir = Bur

i€z
where the terms are equal to C,(1).

If char E = 0 and X/FE is a projective smooth algebraic variety with de Rham complex
QX/E : OX/E — QAIX/E' —
Then define the de Rham cohomology group by
HchlR(X/E) = Hm(Qx/E), m €N

where the second term is hypercohomology.

Theorem 7.4 (Falting-Tsuj). Let E = K/Q, andV = H} (X3, Q,) is a de Rham representation
and there is a canonical isomorphism of filtered K -vector spaces
Dar(Hg (X7, Qp) — Hip(X/K)
Theorem 7.5. Also
Bar ®q, Hyi (X7, Qp) — Bap @k Hip(X/K)
gives rise to the notion of p-adic Hodge structure.

Conjecture 7.6 (Fontaine-Muiur). Geometric representations are exactly the representations
coming from algebraic geometry by the above construction.
Definition 7.7. Given V, if Gy is geometric.

(1) It is unramified away from finitely many p.
(2) It is de Rham at p = ¢ for all primes p.

8. BMAX INSIDE BDR

Joseph Ayoub on Tuesday, the 20th of July, 2010.

8.1. Setting.
o« B = Perf(Gc, /p).
o 0: At = W(ET) — Gc,. The kernel is ker(6) = (§) where = [p] — p for p € E* such
that p© = p.
e BT = AT[1/p].
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In some sense, the goal of this ring By is to distinguish Q, Galois representations coming
from smooth, projective varieties over @, with good reduction. Also B seems to do the same
thing, but Bp.x is better behaved. Things converge better in Bi.x.

Then

BdR = §+//(§) D) Bmax
Definition 8.1. We have P = {>'_ (€)!/p’ and (¢) C A*. Then define
Anex = P//(p)
Brtlax = Artlax[l/p]

Definition 8.2. Let

then
Bax = B [1/t]

max

There is a second defintion of Bp... We introduce a valuation on B+ as follows:
v(f = Z p"n]) = inf{vg, (xn) +n | n}
n>—oo

Lemma 8.3. This is indeed a valuation.

Definition 8.4. Let B _ be the completion of B* with respect to this valuation.

max

Proposition 8.5. These two constructions give the same object, i.e., P is the valuation ring of
v and
P//p = ( completion of the valuation ring of v).

Proof. We have

as AT-modules. N
Consider p~* - [z;] and v#(2;) = 2; = P - u where u € E*. Then p~* - [;] = [u] - [p]'/p’. O
8.2. Properties.

e There is a ¢ (Frobenius morphism?) on Byay (not on Bgg).
e Irom the construction with also have a Galois action of G, on Bpax.

K/Q, a finite extension with K, the maximal unramified extension. Then consider B¢E C K.

max

There is a Frobenius on B,.,, and we can use it to show that the fixed field of Gi is unramified.
The fixed points of the action on

Proposition 8.6. There is a morphism,
K ®K0 Bmam — BdR7
and it is injective.

The proof is rather involved.
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9. MORE ON BMAX

Daniel Haase on Tuesday, the 20th of July, 2010.

[ will continue to examine the properties of Bpa.x. On the ring Bgr, we have a filtration given
by

Fil"Byr = t" - Bjx
This will be used in the classification of the de Rham representations. There is a counterpart
of this for B.x. We can define
B ={x € B|¢(x) =\ 2}
We’ll find out in a bit what’s allowed to play the role of the A\. Let’s consider intersections:
BS=2 N Fil"Byg =7

This will be either 0 or Q, for the appropriate filtration.

9.1. Intermediate results.

Proposition 9.1 (14.1.2 in Berger). For A}

max

()

1=

Lemma 9.2. Then _
B;’;g = ﬂnzlﬁén(B:mz)
Proposition 9.3 (14.1.3 in Berger). For alln > 1,
(Bi)'= =Q, (B " = {0}
Proposition 9.4 (19.2.7 in Berger). Let M € (B}, )™" X € (é;g)mT”,Y € (E;;g)mm. Then
M=X-¢(M)-Y

Computes of M in E;';g.
Proposition 9.5 (16.1.2 in Berger). IfY € E;Eg, ¢"(y) €t- By, for alln € Z then y € t - B,.

Proposition 9.6 (6.2.7 in Berger). The map (1 — ¢) : V — V is surjective, so for all \y € V,
there exists a p € V' such that A\og =n/p(u).

9.2. A proposition with proof.
Proposition 9.7 (14.1.3 in Berger).
(B;Egyz):l = QP> (B:;g)Qa:Ifm = {O}

Proof. Tt suffices to show that A?Zl = Z, acts by p-th poewrs on (B}, )%~ =Q, = (E:{g)¢:1.

max max

Let y € AT be a fixed point of ¢. Where

max y:iuj (@)a

=0 P
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for some u; € E*+. Then

o0 ] <1\ Jp
* U ( ](Pn*w (@)
JZ@S 3 ( ) Zfb )P ;
So B
ye At +pm AL

for all m > 0. Note that A~ is closed. So y =7+ p"b, where 7 — y and p"b, — 0. Thus
y € AT, Also, (AT)?=! = Z,. We conclude the first part of the result.

We have integers coming out (;[+)¢:1 = 7Z, so we cannot have negative powers of p and we
conclude the second part of the result. 0

9.3. Filtration property.

Proposition 9.8. We have
B¢ 1ﬂFZlOBdR = Qp

maxr

BS=IN Fil' By = {0}

maxr

max

logarithm series, ¢(t") = p-t~". Then

Proof. Let y € Buax = B [1/t], soy =Y 1" yr - t" for y, € Bf,.. From the definition of the

= olw)-p* -t

k=0

m

Write
Yo ¢(Yo)
=X : =X - ¢(n)
Yn ¢(Yn)
for some matrix X. Thus y, € B:[g Now let y € Bng[l/t] soy et mBIg Then

o™ y)=p"-t"-yet- Brlg
Since we know that y is in the Richard ring Brlg,
(there’s a little to be clarified) that y € Brlg O

using the proposition 16.1.2, we conclude

9.4. Final result. Let A € W(F,) and n := v,(\). Then
BSANFiI"™ Bgr = {0},  BSANFil"Bgr =t"-p-Q,

Multiplication with g maps B¢:2 to BP=P" compatible with “Fil”. Then p: \ = %, and
= \/p" € W(F,)*

10. FORMAL GROUPS

Mingxi Wang on Wednesday, 21st of July, 2010.
We restrict ourselves to formal gropus of dimension 1.
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Definition 10.1. A commutative formal group F defined over O is represented by F(X,Y) €
O[[X,Y]] such that

(1) F(z,y) =z +y (mod degree 2 terms)

(2) F(z,y) = F(y, )
(3) F(z,F(y,2)) = F(F(z,y),2)

Formal group laws have the following properties:
e There exists a unique i(z) € O[[z]] such that F(z,i(z)) = 0 for all z.
e [(x,0) =z and F(0,y) = y.
Define G, by G.(x,y) = x + y, and G,,, by G,,,(x,y) = = + y + xy.
Definition 10.2. If ' and G are formal groups over O, then a homomorphisms f : F' — G

from F' to G is
f(z) € O[]l with no constant term

such that G(f(x), f(y)) = f(F(z,y)).
For example, given F' over O a formal gropu, then for all m € Z, we define:
o 0(x)=0.
o (m+1)(z) = F(i(x),z).
o (m—1)(z) = F(in(x),i(x)).
In this case, m € End(F') and m(x) = maz modulo degree two terms.

Definition 10.3. Give formal groups F' and G over O and a homomorphism f : F' — G, we
say f is an isomorphism if there is another homomorphism ¢ : G — F' such that

go f(x)=fog(x)=u
Lemma 10.4. Let F' and G be (one-dimensional) formal groups over O and f : F — G. Then
if f/(0) € O, f is an isomorphism.

Definition 10.5. A formal O-module is a formal group F over O with a morphism
O — End(F)
a +— a(z) € Ol[z]] such that az = ax mod deg 2.

For example, G, is a formal Z,-module by the morphism

Z, — End(G,,)

a a<I)—(1+x)“—1_§<?>xi

10.1. Differentials.

Definition 10.6. A differential over O is a w such that
w= f(t)dt,  f(t) € O[[t]].
We call it an invariant differential of F' over O if

w(z) =wo F(z,y),
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which could also be written f(F(x,y))F.(x,y) = f(x). We call w a normalized invariant different
if it is invariant and the constant term of f is 1.

Proposition 10.7. For a formal group F' over O, there exists a unique normalized invariant
differential. We’ll denote it wg.

Proof. There is a w = f(t)dt such that f(F(x,y))F.(x,y) = f(x). Let z = 0. This becomes

f(x)Fa(0,y) =1
But F,(0,y) =1 mod y so f(y) = 1/F,(0,y). Conversely, if w(t) = dt/F,(0,t), then reading
the argument backwards gives the result. O

For example wg, = dt is the normalized invariant differential of G,(z,y) = = +y. Also,

dt
wenll) =15

is the normalized invariant differential of G,,(x,y) = x + y + xy.

=1 —t+t*—+---)dt

Corollary 10.8. Given a morphism f : F — G of formal groups over O, we have wg(f) =
f(0)wp.
Proof. Easy exercise. O

Corollary 10.9. Given a formal group F over O and

plx) = ph(z) = g(z")
for some h,g € O[[z]].

Proof. First note that p'(0) = p. Note wp = (1 + byt +---)dt = (1 4 b1p(t) + - - - )dp(t). By the
previous corollary,

(14 art + -+ )p(t)dt = wr(p(t)) = pwr(t).
Thus P'(t) =0 mod p. O

10.2. Logarithms.

Definition 10.10. Given a formal group law F' over O with char O = 0, then a logarithm over
O is any morphism

f:F—G,/0O
We'll assume f # 0. We say f is nondegenerate if f = z( mod deg 2).

Proposition 10.11. A logarithm f: F — G,/O ® Q always exists.

Proof. We want to get logp : F' — G, such that logp(z) + logp(y) = logr(F(z,y)). Derivate
this equation to get

logl () = logip(F(z,y)) Fu(,y).
Letting = 0 gives 1 = log’(y)Fx (0, y). Thus

1 wr(y)

" Fx(0,9) dt
So log;(y) = [ wy(y). O

logi(y)
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Now for an example. Take G,, over Q. Then

dt
w = —
Gm 1+t
dt 2
logg (t) = 1_+t:t_§+§_...

10.3. de Rham cohomology. We’ll define the de Rham cohomology of formal groups (of
dimension one) over Ok where K is a finite, unramified extension of Q,.

Definition 10.12. Let F' be a formal group over O of characteristic p. We define the height of
F, h(F), to be the largest h € N such that

pla) = f")
for some f € O[[z]]. More generally, if char(O/m) = p, then define
h(F/O) = h(F/(O/m)).

Note: These equations should be interprested in the residue field K.
For all w € Ok[[t]]dt, let

I(w) = /w e K[[t]].
Definition 10.13. A w is exact if
I(w) € K ®0, Ok|[t]]
w is of the second kind if
H{w)(F(z,y)) = I(w)(z) = I{w)(y) € K o, Ok|[x, y]].

Define the first de Rham cohomology of F' over O by

second kind
Hip(F/Ok) = —————

exact
Theorem 10.14. The cohomology Hir(F/Ok) is a K -vector space of dimension h(F').

We show a correspondence between the first de Rham cohomology and the Tate module of
the formal group.

11. LUBIN-TATE MODULES AND LOCAL CLASS FIELD THEORY

Philipp Habegger on Wednesday, the 21st of July, 2010.

The setting is K a local field, Ok is its ring of integers with uniformizer m € Ok generating
the unique prime ideal mg. v : K* — Z is its (normalized, i.e., with range Z) valuation. We’ll
fix an algebraic closure K D K. We'll denote the absolute Galois group G = Gal(K*P/K).
Finally, let ¢ = |Ox/mgk|.

Definition 11.1. A Lubin-Tate series with respect to 7 is an f € O[[X]] such that
f = mX mod X* mod deg2
f = X% modm

fx = {Lubin-Tate series w.r.t. m}
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For example
(1) f=7nX+ X for any K.
2) K=Q,, f=@+1)P—-1=pX+---XP for m =p.

Definition 11.2. A Lubin-Tate module with respect to 7 is a formal @ x-module (F,~ ) such
that 7 € F,.

For example, G,, over Z, is a Lubin-Tate module with F' := XY + X +Y, 7 = p and
p=(z+1)P—-1€F,

Lemma 11.3. Let f,g € Fy, and let L € Ok[Xy,...,X,] be a linear form. Then there exists a
unique F € K[[Xy,...,X,]| such that

(1) F=L mod deg2.

(2) f(F(X1,..., Xn)) = F(g(X1), .-, 9(Xn)).
(3) F € Og[[X1,..., X,

Proof. By induction on r, where we’ll construct a power series for each r, F, € K[X;,..., X,]
such that deg F,. < r and

FF(Xq,..., X)) = F(g(Xy),...,9(X,)) mod degr+1
Define them as follows:
F, = L
Foy = E+ A,
where A, € Ok[[X1,...,X,]] and A, =0 mod degr + 1. Define A, by
A = T X)) = Frg(X), -, g(Xn))

m(nm=1 —1)
We need to check that A, € Og[[X7,...,X,]]. But 777! —1 € O}, so
fF(Xy,. .., X)) — Fr(9(X1),...9(Xp)) = Fo(Xq,.. ., X)) — F(XY, ..., X)) =0 modr

and we have what we want. O

Definition 11.4. Let f € F;. If f = gand L = X + Y, then the previous lemma gives us
a formal power series which we will write as Fy € Ok[[X,Y]]. If f,g € Fr and a € Ok and
L = a- X, then the lemma gives us a power series denoted by a/9 € Ok[[X]]. If f = g, the f, g
in the notation will often be surpressed.

Lemma 11.5. (1) f € Fr implies (F¢,~ ) is a Lubin-Tate module with respect to 7.
(2) If f,g € Fr, then 179 is an isomorphism (Fy, 7 ) = (F, ).
In particular, up to isomorphism, there’s only one Lubin-Tate module for a fized w. See note
below for clarification.

Proof. Does F¢(F¢(X,Y),Z) = Fp(X,F¢(Y,Z))? Look at the linear term (X +Y) + Z =
X + (Y + Z). Then the uniqueness in the first lemma says the equality is true. U

Note that going from a Lubin-Tate module (F,~ ) with respect 7, going to the power series

f =7 € F, and then through the construction back to a Lubin-Tate module (F f,/‘\f ) gives the
original module (i.e., Fy = F).
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Corollary 11.6. Any Lubin-Tate module with respect to 7 is isomorphic to (Fy,~ ) where f =
X + X7

Beginning with an Ox-module (F,~ ), L/K a finite extension, then if x,y € my, since the
coefficients of F' are integers, F'(z,y) converges. Thus a(x) converges for each a € Ok.

(X,Y) = F(X,)Y)=X+pY
(a,X) = a(X)=ar-X
determines an Og-module structure on my.

Now for some new notation:

Definition 11.7. Let f € F;, g = fand L = X +Y. Then the first lemma gives a power series
denoted
Fy € Ok[[X, Y]]
Let f,g € Fr,a € Og and L = a- X. Then the lemma gives a power series denoted
a9 € Ok[[X]]
If f =g, the f,g will often be surpressed in the notation.
Lemma 11.8. Let f € F; andn € N. Then
(1) F¢[r"] is a free Ok /m’-module of rank 1.
(2) Fy[n"] C K*? and Gk acts on Fyr"].

(3) Ly, := Ly, := K(F¢[n"]), is independent of f. It’s an finite, abelian and totally ramified
extension of K and there is an isomorphism

Gal(Ly/K) — Auto, jmy (Fy[7"]) = (O [m)*
(4) ™€ Np,/x(L7).
Proof. WLOG, assume f = 7X + X? by Lemma 2, and A € F¢[n"], and f°"(\) = 0. Then
fOTL
f‘o(n—l)
where the superscripts with the on denote composition with itself n times.
q" > [Fy[r"]| = Og/(Fymi) A= Fy[r"]
= f°"is separable = \ € K%

_ (f-o(nfl))qfl 4

Then
Gal(K*P/K) — Automn If[T"]

where the automorphisms are a commutative group. Then N, /() = 7 since f™ () = 0.
Thus

v(m) =[L,: K]-v()\)
and we see L, /K is totally ramified. O
Definition 11.9. If f € F,, then we define

T+(Fy) = lim Fy[n"]



WORKSHOP ON p-ADIC PERIODS 33
There are morphisms

IIr

¢ Fylnm) = Byl

free lim, — Ok /m’.-module of rank 1.
For example, K =Q,, t=qg=p, p= (1 +2)? — 1. Then
Flp"l={¢-1]¢" =1}
11.1. LCFT.

Theorem 11.10. Let L/K be a finite abelian extension. Then there exists a natural isomor-
phism

(1) The map L — N,k (L*) is a bijection.

{finite abelian extensions of K} — {subgroups of K* which are open and finite index}
(2) L/K is a finite, abelian, unramified extension iff Np x(L*) O Ok-.
First, we define
K* - K*/Np k(L") — Gal(L/K)

The first map is called 5 and the second map is called r;/lK. The composition of these two maps
is written

L/K
and called the norm residue symbol.
Theorem 11.11 (Lubin-Tate). Let L/K and X € F¢[n"], v € Oy a unit. Then

u
A=u"1(}N)
Lpn/K

For example, K = Q, and f = (1 4+ z)? — 1. Then

LTr,n = Op(glcp" = 1)
Also

—

(L“/K) (C-1)=¢" —1=u((-1)

u u—l
(LW,H/K)CZC

Corollary 11.12. Let K be a local field, K® be the mazimal abelian extension of K, K" the
maximal unramified extension of K. Then

b
K* = K"". Un>>1L7r,n-

Dwosk showed that

Proof. Uses local class field theory and the Lubin-Tate construction. 0



34 THE SPEAKERS
12. SEMI-STABLE REPRESENTATIONS

Giovanni di Matteo on Thursday, the 22nd of July, 2010.

12.1. Review. We’ve defined a lot of things so far:

® Buax which has an action by the Galois group Gg, and a morphism ¢ : Byax — Bmax-
o If K/Q, is a finite extension, Bk = K, = KNQp". There is an injection K ®x, Biax —

max

Byr, and a filtration FilByg N B¢7)

max *

By = Bnax|Y] and has an action of the Galois group Gg, by
oY =Y +clo)t

thus o(p/?") = p'/P" ()9 Also

oY) = gY.

=-2.
° BgK = Ky and K ®g, Bst — Bar by

Y — “log(p)” = — Z _

n

Note 7 is the absolute Frobenius morphism.
12.2. Introduction.

Definition 12.1. Let V be a p-adic representation G is semi-stable if
By®V =Bl
by a Gi-equivariant isomorphism.
Proposition 12.2. Let V' be a p-adic representation Ggi. Then the morphism
By ®, (By ® V)GK — By ®q, V
Is injective and respects the additional structure. We define
Dgy(V) := (By® V)°¥

Also,
dimg, Dy(V) < dimg, V'
Then the following are equivalent:

(1) V is semi-stable.
(2) The above morphism is an isomorphism.
(3) dimy, Dyy(V) = dimg, V

Let V be a p-adic representation. Then Dg (V') and K, are finite dimensional vector spaces.
The morphism ¢ is additive and injective with
o(Az) =o(N) - o(x), A€ K

for 7 : KO — K().
Also, N : Dg(V') = D4 (V) is Kp-linear and nilpotent satisfying,

N¢ = ppN
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There is a filtration K ®p, Dt (V) < D (V) = (bdr @ V)¢5 D (t* Bgr ® V)%

Definition 12.3. We say a p-adic vector space V' is crystalline if
Brax @V & Brdnax
In that case, we define,
Deis(V) = (Bunax ® V)%
Deis(V) = Dgu(V)V=°
Note that Dis(V') is ¢-stable and there is an inclusion K ®g, Deyis(V) < Dar (V).

Proposition 12.4. If V s crystalline, then V' is semi-stable.

dimg, V' = dimg, Deis(V) < dimg Dy (V) < dimg, V'

Proposition 12.5. Let V = Q,(n) for some character eta : Gx — Z mapping o + 1. Then
dim Dy (V') < 1 implies N = 0. Also, D..is(V) = Dgu(V).

So in dimension 1, being crystalline is equivalent to being semi-stable.
Proposition 12.6. V = Q,(n) is crystalline iff n = x" - p for some p non-ramified, h € Z.

Proof. There exists b € Byax such that 7, - o(b) = b for all 0 € G = Gg,. Then Byax < Bgr so
we may view b as an element of Byg.
b=1t"by for some h € Z and by € Bj; — tBiz. Then
b t=". bo tihbo h bo
’]70_: = —h = —h —h :X(O‘)-—
ob) ot -by) x(a)t"ha(by) a(by)

Define 1/ : 0 + by/0(by). Then 7/ is crystalline. The situation is as follow.

n Gy, — Z,
GQ — Gab
p

n : Gzi — 7y

P

By the local Weber? theorem we know that ever finite abelian extension is contained in a
cyclotomic one. If we look at those roots which are relatively prime to p, they are unramified,
and those divisible by p are totally ramified.

Gy, = Gal(Q}”/Q,) = Gal(Q}'/Qy) x Gal(Qy2/Q,) =T
Then ' = p - 7 with g non-ramified and 7 in T.
Caser=1:7=0"pu L

1

Lemma 12.7. y~" is non-ramified then there exists z € @” such that

po) = P
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Thus Z(0) = -2~ - 2= for byz € Buax but byz ¢ tBj,. Apply

— o(bo) o(2)
0 : B;“R —C,

To get 8(byz) € C,(7)“®, which is nonzero. Since 7 is of finite order, the Ax-Sen-Tate theorem
gives that 7|q,, . So the totally ramified extension F,,/Q, is trivial.
Now bgz € (Bumax)®™ = Q,. So by the lemma, n = x" - 1. O

Proposition 12.8. The category of crystalline (rep. st) is stable by under the operations of
taking subobject, quotient object, direct sum sum and tensor (alo duals?). Furthermore D ..
(resp. D) respects these operations.

12.3. Filtered (¢, N)-modules.

Definition 12.9. Let K/Q, be finite. Then a filtered (¢, N)-module over K is
e D a Ky-vector space
e ¢: D — D an additive, injective map with ¢(Ax) = T(\)¢p(x).
e N: D — D such that N¢ = poN.
Definition 12.10. A filtration on Dk := K ®g, D is a choice for all « € Z of K-subspaces
Fil'Dy < Dy
such that Fil'™ Dy < Fil'Dg and U, Fil'Dg = D and N;Fil' Dy = 0.
Definition 12.11. A morphism 7" : D — D’ of (¢, N)-modules is a Ky-linear map such that
e NT'=TN
o T'p=0oT .
o T(Fil'Dy) C Fil' D},
Then D ® D' is a Ky-vector space and D ® D" and ¢ ® ¢’ and N ® 1 +1® N’. Then
Fil'Dx ® Dje = »  Fil"D, ® Fil'D.
u+v=1
Note that if D is finite dimensional and E = (ey,...,eq) is a Ky-basis of D, A = (a;j), and
plej) = > i =1%5e;. Also E' = (¢},... ¢}), Mat(¢|E') := A" = (a};) Then
M:E— E
Then G = Zfil mije; and MA = A'5(M).
Proposition 12.12. If D is finite dimensional, then it is nilpotent.

Proof sketch. If we assume N is not nilpotent, since D is Aritnian as a K-algebra, there exists
a k > 0 such that N¥(D) = N¥(D) = N*2(D) = ... #£ 0. Define D' := N*(D), which is
stabler by N, N surjective.

Also stable by ¢ : x = N*(y) so ¢(z) = ¢(z) = ¢N*(g) = p~*"N*(¢(g)) where N*(¢(g)) € D".
So Nop = ppN gives NA = pAG(N). Then ¢(det(-)), and thus 0 = 1, a contradiction! |

Proposition 12.13. The functor
Dy, : {semi-stable p-adic repn of Gg} — {Filtered (¢, N)-modules}
18 fully faithful.
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Proof. Let V' be semistable. Then
By @k, Dt (V) — By ®q, V-
So
N =0: By ®k, Ds(V) — By ®q, V
Fil’: By ®r, Dst(V) — Fil’(Buax) ®q, V
¢ =1: By ®k, Ds(V) — Fil’(Buax)?™' ®g, V
But Fil’(Bpay )~ = Q,.
Then D = Dy (V) — (Bg @ D)N=0FI"6=1 gives the quasi-inverse. O
Proposition 12.14. Similarly, the functor
D s = { crystalline repns} — { Filtered (¢, N')-modules with N = 0}
15 fully faithful.
Let D be a filtered (¢, N)-module. Then define ty(D) € Z to be its Hodge number and

tn(D) € Z to be its Newton number. This will characterize the image Dg(-).
Given a filtered ¢-module of finite dimension, Fil'Dyg < Dy and

0=Fil"Dg < --- <Fil"Dg <#Fil'Dy, = Dg
Let d; := dimy gr'’ Dy. The picture is as follows:
We see .
tu(n) = Z i; dim gr'’ D
j=1
Note that if D is of dimension 1, then tz(D) is the ???? h € Z such that gr"Dy # 0. One can
show if D of d
ty(AND) = ty(D)
where dim AYD = 1. -
Now ¢ has a the slope decomposition over K" which then determines the Newton polygon
and ty(D). If d = dim D, then
tn(D) = tn(A“D)
If D= K- e is of dimension 1, then ¢ty (D) = 1,(\) where ¢(e) = A(e).
Definition 12.15. A filtered (¢, N)-module D is weakly admissible if
(1) tn(D) = tn(D)
(2) for all D' < D, ty(D') < ty(D'). Or less than equal??
Proposition 12.16. If V is semi-stable, then D = Dy(V') is weakly admissible.

Proof. First, “ty(D) = ty(D)"”. If V is semi-stable, then D is of dimension d = dimg, V.
Since the category of semi-stable representations is closed under products and quotients, A4V
is semistable. Then
ANV =", 1 non-ramified, h € Z

Let t~"by be a period. Since by € @, the produc with ¢t=" is in t " Bgr. We have tyg = —h.
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In dimension one, the Newton number was defined by how the Frobenius acts on a basis.
b
o(tb) = e D0,
bo
sod=p "7 Also v,(A) = —h.
Second, If D’ < D is a submodule of dimension r < d.
A"D" < AN"D
Reset D' < D where dim D’ = 1. N is nilpotent so N = 0

Now remember, D' C Dy (V)Y = Duis(V) C By ® V and D' C (Bpax ® V)?7A.
At this point we just recall that if n = v,()), then B¢ N Fil""' Byg = {0}. Necessarily,

max

h =ty (D") <tyn(D') otherwise the intersection would be 0.
So we’ve identified the essential image of the functor. 0

Theorem 12.17 (Colmez, Fontaine). There is a functor

Dy; : {semi-stable p-adic representations of Gx} — {weakly admissible filtered (¢, N')-modules}
which 1s an equivalence with sub-equivalence

{crystalline representations} — {N =0}

13. SUMMARY OF (MUCH OF) THE THINGS COVERED THIS WEEK

Sergey Gorchinskiy on Thursday, the 22th of July, 2010.

http://www.umpa.ens-1lyon.fr/ lberger/barcelone/BergerBarcelone.pdf

Give a non-trivial example of a high-dimensional crystalline representation. Where should we
look for an example. Perhaps look at the Tate module of an elliptic curve. But we won’t do
that. Yesterday, we saw Lubin-Tate modules, and that’s the representation we want to discuss.

13.1. Notation. Let’s fix some notation:

e K/Q, a local field.
o d:=[K : Q, and the residue field of Ok is I,

o G := Gal(Kalg/K) and m € K unramified.

° A; = OK ®(9 A+ and B;g = K@K B+

e An element of B;g is a Laurent series Y, [z;]7" for some z; € E*.
e There is a morphism ﬁ} — Bt given by reducing modulo 7.

e O : B = C,is Ok := (K — C,) ®0.
e (' acts on BJr and ¢x = id ® ¢'.

® A;axK Ok ®0y, Amax and B$axK

. BJ“aX i is a V-completion of BJr

K ®p, B

max-*
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Local class field theory gives

1— O K* Z
1 H G = Gk [[Gx : Gx] —= 7 = Gal(K™/K)

Now consider the composition

Gg — G‘r}? —— Ok C GL(K/QP) = GLd(Qp) .
Definition 13.1. Denote the representation of Gk on K, given by x,, as K(1).

Question 13.2. We will answer three questions.

e Is K(1) B-admissible for some B? (e.g., Bur, Bar, Bst, Bmax)
o If yes, find Dp(K).
o If yes, find the transcendence degree of the periods of K (1) in B (over Q3%).

V ®@q, B= Dp(V) @k (x0) B

an isomorphism of G g-modules.

We will answer these questions using the following strategy.

(1) We would like to work with K (1). Until now, K (1) is given by some hidden Artin map,
see the first diagram. We will give a more explicit interpretation of K (1) in arithmetic
terms, namely, in terms of Lubin-Tate formal group laws.

(2) Then we will look at K = Q,,. K(1) = Q,(1) is cyclic character. Call the period t € Bax.

(3) Then interpret the period ¢ in terms of Lubin-Tate.

(4) Do the same for any K/Q, finite extension, getting a period t; € Bpax.

(5) Then calculate Dg__ (K(1)). At this point will we have answered first two questions.

(6) Then we will give a statement about period of p-adic G g-representations. Apply this to
our case and get explicitly the transcendence degree of the periods.

13.2. Arithmetic interpretation of K(1). Let f(X) € F, be a Lubin-Tate series, F/(X,Y
a Lubin-Tate formal group law. Let Ok < End(F) be the mapping a — a, and T(F
lim,  F[r"] where F[r"] C m .

Local class field theory tells us that ever 0 € Gi acts on T(F) by x.(G). Then K(1) =
T(F) o, K.

Remark: T),(F) =lim,  F[p"| = T(F'). The height of the Lubin-Tate group law is h(F') = d.
Then

B/ = py, we Oy
and
WEF) = h(p) = h(7) =e-h(m) =e- f=d

13.3. The case K = Q,. Let’s take K = Q, with uniformizer 7 = p and f = (X +1)? — 1 with
formal group law F' =G, = X +Y + XY. Then

T(F) = Zy(1)
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the cyclotomic character. Also xr = x : Go, — Zj,.
Let’s test it for admissibility:

(Qp(l) ®Q, BmaX)GQp = (Qp : t_l) = DcriS(Qp(1)>
The e be a generator of Q,(1) over Q,. Then for all 0 = Gk, o(t) = x(o)t.
Moreover,
e e=(1,(,(p,...) € BT
o [c]e AT =W(ET)
o logle] € Al C B C Bax
Now let’s give the Lubin-Tate interpretation of each of these items. In the first case, epsilon
corresponds to a generator of the Lubin-Tate module because € — 1 is a generator of Z,(1) over
L.
In the second, p([e] — 1) = ¢([¢] — 1) where ¢ is the Frobenius morphism.
Also

log([€]) = logs,, (] = 1), logs,, (X) : G <> G,/Q
13.4. Next case. We now assume f is a Lubin-Tate polynomial, e.g., f(z) = 7X = X7

Proposition 13.3 (Colmez). For any = € E* there is a unique {z} € A} such that
{z} = 2z modn
f{z}) = ¢x({z})
For example, if K = Q,, 7 =p, f(X) = (1+ X)? — 1, then
{z}=[z+1] -1

To check, just remember it’s very easy to apply Frobenius to Teichmiiller representatives by just
taking lifts of p-th powers.

Proof. Idea: We want a fixed point of the map y +— ¢ (f(y)) =: S(y). Define M :=
(modw)~!(z) to be the set of all liftings of z. We'd like S to act on M. But if 7 € M,
then M = & + wA}, so

f@+my)=f(x)=27 modmr
Applying the Frobenius morphism gives

O f(E@+my) = o5 (f(F) = ¢ (37) =T mod 7
So S acts on M.

If a,b € A}, and a = b mod 7, then a? = b? mod 7"*!. Since f(X) = 2 mod 7 we have
f(a) = f(b) mod 7"+, Thus S is a p-adic contraction of the complete space M and the proof
is finished.

Note that z — {z} commutes with G and ¢ by unicity of {z}. Note also that if vz, (z) > 0,
then the valuation introduced in Joseph’s talk satisfies

V({{z}) > 0.

and

VY [zt = inf(i + v (x,))

)
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O
Lemma 13.4. Let F be a formal group law over Ok and logp : F — G, over K where

logp(z) =Y, ait’, then
vp(ai) = =1y (i)
Proof.
dlogp = wp = Z bzlde, b; € Ok
i>0
where b; =17 - a;11. Done. O

We would like to have an interpretation of E* in terms of 7 and not just p.
Lemma 13.5. _
E+ = lim O(Cp / ™
—
Proof. Easy exercise. 0

13.5. The case of a general K. We construct ¢,. Fix a Lubin-Tate polynomial f. Take a
generator (u;) of T'(F') where u; € My C mo. C C, such that f(u;41) = u;,u; # 0, f(ug) = 0.
Then (0, u;(mod ), us(mod 7),...) € ET by the second lemma. Then we take {u} € A*.

Then logr({u}) converges in By, by the first lemma.
Note that if vz, () > 0, then for all a € Ok,

{a(0)} = a({x}) € Bk
by the unicity of {z} and T = f commutes with a.
Proposition 13.6. For all b € G,
0(tr) = Xx(0) “try  Xa: G — Ok
and ¢ (tr) =7 -ty
Proof of the first equality. But first a lemma:
Lemma 13.7. If F is a Lubin-Tate group law, then
logp(a(z)) = a-logp(x)

The proof is left as an exercise.
Now, for all 0 € G, we have

oltz) = ollogr({u})) = logp(o({r})) =logp({ou})

= log;({x=(0)(w)}) = log(xx(7)({u}))

X=(0) - logp({z})
Done. ]

A harder proposition to show is that
e ¢, € Fil' \ Fil?
e ¢'(t,) € Fil®\ Fil* for 0 < i < f — 1.
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13.6. Deris(K(1)).
Theorem 13.8. K (1) is crystalline and D .is(K (1)) is:
D=l K - ¢'(v)

for v a formal symbol. It has dimension d over Ky. ¢ acts K-linearly. It has a Ky-linear
structure by a — (a,¢(a),..., oY V(a)) € K@ ---@® K. It has a filtration

Fil' == D, Fil' :=0, Fil :=ker(D®y, K -+ K -v®g, K — K)
Proof hint. Let e be a generator of K (1) over K. Then
K(1)®q, Buax = K (1) @k, (Ko®q, Binax) = K (1) @k, (820 Bunax) D K (1) @k Bunax = Buaxic €
which contains ¢! - e. U

13.7. Transcendence degree. The setting is as follows.
e Let V be a p-adic G g-representation of dimension d.
e Let B/Q, be a period ring (e.g., B = Bur, Bar, Bst; Bmax)-
e Let V be B-admissible.
e Take an e-basis of V over Q, and v-basis of D := Dp(V')/B“x
o Let P € Matgyq(B) such that e = pv via V ®q, B = D ®pc, B.
o P= (pij)7 Dij € B.
o Let L := Q3%(p;;) for simplicity, suppose Q¥¢ C B, e.g., for Bag.

Finally, assume
———7a

G=p(Gx)" CGL(V) = GLAQ;*)
Theorem 13.9 (Gronthendieck conjecture in the p-adic case).
tr deg (L/Q3) = dim G
The application to our case is
p=Xr: Gx = O C GLy(Qy)
Proposition 13.10.

—*Zar
Ok~ = Rk, (Gn)
By taking p-adic tangent spaces (Lie algebras), and noticing relation of Zariski closure with
algebraic closue, we get D. Evidently C, so we're done.

Corollary 13.11.
tr deg(Lubin-Tate periods) = d

Proof of the Grothendieck conjecture in the p-adic case. What makes this easier than the clas-
sical case, is that, in the p-adic case, we have by definition the action of the Galois group on the
period.
Consider the algebraic variety M atdxd((@glg) ~ A% Then GLd(Qzlg) acts on AT, We also
have
Spec L — Agyg

given by the (p;;) denote its closure by X.
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We assume the strong statement thattr deg L = dim(X).

Consider the Tannakian formalism. For us, it is a black box that implies X C {G — torsor} C
AT

Then X is Gg-invariant, where (G is the connected component of the identity in G.

Suppose that f(p;;) =0 for f € F[T};] and F)/K is a finite extension. Let ¢ € Gp. How does
o act on p? We know e = p - v so

p(o)p-v=plo)e=o(e) =0c(p)-o(v)=0o(p)- v
Then o(f(pi;)) = 0 but also o(f(p;;)) = f(p(o) - p) = [7(py).
So foanr vanishes on X.

Since Gr C G is of finite index, G_anr and G = G’_Kzar have the same connected component
of the identity. So % is zero on X and thus X is Gy-invariant. Done! U

14. WHY ARE DE RHAM REPRESENTATIONS POTENTIALLY SEMI-STABLE?

An informal lecture of Laurent Berger on Thursday, the 22nd of July, 2010.
Let K/Q, be a finite extension. Remember we denote p-adic completion by the hat ™. We've
already seen that

{p-adic representations of G}

U
{de Rham} = {potentially de Rham}
U U(*)
{semi-stable} C { potentially semi-stable}
U U

{crystalline} C {potentially crystalline}

Conjecture 14.1 (Fontaine). The inclusion (x) is an equality.

This is now a theorem of André, Kedlaya, and Mebkhoot (three separate proofs).

The ingredients of the proof are (¢, I')-modules. For simplicity, we’ll consider representations
of G@p'

Let p € Rq. Then

Ehr = {f(a:) = ZaiXi | a; € K, f(x) converges and is bounded on {z € C, | p < |X|, < 1}} :
i€z
Then
Upct & = €} D OF, = {f() | as| < 1}
Note that 8;( is a field.
Now let ¢ be the Frobenius morphism on 5;(, and

(@f)(x) = fF((1+X)"—1)
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Then
F - FK - GKalg/GK - Ga].(KOO/K) — Z;

where the last map is a character x. Then define an action of v € ' on 5}} by

(vf) = (1 + X)) —1)

Definition 14.2. A (¢,I')-module over EIT< is a finite dimensional vector space D over EIE such
that

e ¢: D — D a o-semilinear map with Mat(¢) € GLy(EL).
e [" acts on D, is o-semilinear, and commutes with ¢.
Recall that o := W (x +— 2P) denotes the absolute Frobenius morphism.
Then there is a functor
{(¢,T")-modules over £}.} — {p-adic representations of G }.
There are inclusions Et «s AT < Bt < ... We also have A = W(E) and B = A[1/p].
Then B is a field with an aciton of Gk and a Frobenius morphism ¢ = W(y — y?).

As in previous lectures, let m = [] =1 € B. Then £} C Z,[[x]] [1] =Bg, C B. The inclusion
of EIT( is given by x — 7 and is compatible with both the Gk action and ¢.

Also, o
Bl =, = (W(E) H) =) H

Then _
D~ V(D)= (B®g D)?=1

is a Q,-vector space with an action of G given by g(b® d) = g(b) ® g(d) where g € I'k.
Definition 14.3. A (¢,I')-module D over £}, is étaleif there exists a basis in which Mat(¢) €
GL4y(O}, ).

Theorem 14.4 (Easy). If D is étale, then V(D) is a Qy-vector space of dimension dimg}f( D.

A hard theorem is the following.

Theorem 14.5 (Cherboniev, Colmez). The resulting functor,
{étale (¢, T')-module} — {p-adic representations}
D — V(D),

15 an equivalence of categories.

Then V' (E ® V)Hx is a By-vector space of dimension d = dimV. But we have the
inclusions

~ —

By = Ugb_”(BK) D B — g;f{
The proof by Colmez uses
HY (G, GL4(Q,)) = H (G, GL4(BL)).

This is technical. For more information, see the notes of Berger.
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The conclusion is D(V) C B®g, V C Bl @q, V.

Bf = {m = Z plan) € Bz, € E, 30 = o(x),v(z,) +0-n— —I—oo}
n>>—0oo
Now we’ll define a few other rings. They are almost the same.

Definition 14.6. Let p € R.;. Then
RIF = {f(x) = ZaiXi | f(z) converges on {z € C, | p < |z|, < 1}}

Note we’ve dropped the boundedness condition in the definition of EIT(’p . Also define the “Robba
ring” as

R}( = Up<1tR/kp (: RK)
We will usually denote it by Ry, dropping the dagger.

Let t =log(l + X) € R}’(p . Then the definitions of ¢, I', etc. for SIT( extend to definitions for
Rik.
If V is a p-adic representation, then D(V') is a (¢, I')-module over 5}(, and

Drig(v) = RK ®€}‘( \%
is a (¢, I')-module over R.

Theorem 14.7. If V is a representation of Gk, then

DotV = (D [1]) "

In particular, these are vector spaces of the same dimension, and in fact, are isomorphic as
¢-modules. We can define a filtration on the right-hand side using the order of vanishing at
Gn — 1 forn > 0.

Theorem 14.8. Consider
X 1
¢»(log X) = plog X + log 5 € D,iy(V) {;, log X]

and the action of v by y(log X)) = log X +log % Because we just added a variable to the ring,
there is a new operator which is derivation with respect to X. The point is, there is a relation
between the X and the N. Then

1 ti
Dy(V) = (Dﬂg(V) [2, log XD
these are isomorphic as ¢p-modules.
Proof. Recall that in one of the talks, we had
Bf, = Ny>19"(B;,

max) :

. . . . . = GK
An easy exercise shows that if V' is a p-adic representation, then D (V') = <B:{g [%] ® V) :
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Then the main idea of the proof is that one can construct a E;rig which has contained most of

the rings we've seen: Erfg and Bt and Ry. Then Dey(V) = (Eig [ @ V)% > Ejig HEAZ
Then there is a tower of inclusions

]_ FK ~ 1 ~ 1
(Putn1[3]) " cree@ev [ c B [f]ov
Define N
B = {> p"[xa] | vp(wn + +0 - n — +o0}

and V(z,0) := min,ez(ve(z,) + n- o) and V(z,7) := min,ez(vg(x,) +n-7) if 7 > 0. Also,
V(z,lo,7]) = min[V(z,0), V(z,7)].

Also define ~ _
Bji’g := completion of B™ for all V (-, [0, 7]), T>0

~T7]‘

If o = 1, then we can examine B! and its completion B; . Then each term of the series in

N ~ rig *
B go to zero, so Bji’gl — Bii.
By this we can tell from D, (V') whether V' is de Rham.

Diig(V) = Ri @y Di(V),  p<1

rig
Then exists a basis in which Mat(everything) € Myyq(R%?). Then the morphism
Di,(V) = BRreV
y = ¢ ")
is well-defined for n > n(p), where n(p) is a lower bound depending on p.
Assume n > n(p). We can check that the condition p < |(, — 1|, is the same as the condition

that > exp(# — 1 converges in the local ring K, [[t]], where K, = K((,») and t = log(1 + X).
This requires the map

Mot REE = KW[[t]], f(x) = f (Z exp(t/p") — 1)
The morphisms 7, commute with G
Let p < 1 as usual. Examine

V = Dfig(V)
= K, [[t]] Rptr D (V)

—1
— a K,[[t]]-module and a connection Vm = lim u
7—-1 log, x(7)

The second line is a free K,[[t]]-module of rank d with an aciton of T'. The connection in the
third line satisfies V(f(t) - m) = t& - m + f(t)Vm.
To finish things off, we’ll require the following theorem.
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Theorem 14.9 (Fontaine). V' is de Rham iff (Ky[[t]] ® D}, (V),V) =: M, is trivial. In this
case, My[1/f]V=" = K,, @k Dar(V).

We’ve now found a local condition which tells us whether V' is de Rham. Finally, we want to
reduce this case to statements about p-adic differential equation. We will find a local criterion
in terms on equations, and then glue them together to get a global criteria.

So we consider Df (V) a RI#-module with a I'-action. We may, as before, define an action

of the Lie algebra by

vm - }yll)% 1ng X(O_) rig
and p
V() m) = (14 X)log(L+ X) 4+ [ (2)V,

But log(1 + X)) has infinitely many zeros, so it is not invertible. This is not good, because
it shows we can’t define a p-adic differential equation for each representation. But we use
Fontaine’s theorem and find that 1/t preserves some submodule of (K,[[t]] ® Df,(V), V).

If V' is de Rham, define

N =10 € D(V) 1] 10> n(o). o) € Kol 91 Dan(V)}

We're almost done. We just need to finish reducing to p-adic differential equations. Consider
the following results toward that end.

Theorem 14.10. If V' is a de Rham representation, then

o N is a free RL-module of rank d

* Nip[3] = D7(V) [3]

o V(Ngp(V)) Ct- Ngg
Corollary 14.11. If we set 9 = ;V and Ngp(V) = Rg Replp Nip(V), then (Ngr(V),0) is a
p-adic differential equation over Ry with

A f(x)m)=(1+ X)%m + f(X)om
Theorem 14.12 (André, Kedlaya, Mebkhout). This is a former conjecture of Crew and Tsuzuki.
If (M,0) is a p-adic differential equation over cRy, then there exists a finite extension LK
such that
Rillog X] @r,c M)*~°
is a R{=Y-vector space of dimension of the same rank as M if

e M has a Frobenius phi which is semilinear and 0¢ = pgpo.
e or some other conditions

Now we’ve finished the proof. Let’s close with a summary. Given V' a de Rham representation,
we associate a p-adic differential equation (Nggr,d) . Then there exists a finite extension L/K
such that (Rp[log X] ®r, Nar)?=° is of dimension d. Thus (Dyg(Vir,) [%,logXDFL" is of
dimension d. Thus we conclude that V|;, is semi-stable. O
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15. FROM CLASSICAL TO p-ADIC HODGE THEORY

Brent Doran on the 23rd of July, 2010.

Advertisement: Hodge theory course in the fall. Topics covered will may be heavily swayed
by participants.

In this course, we haven’t discussed classical Hodge theory, i.e., Hodge theory over C. We've
gone straight to p-adic theory. In the classical case, we have a meromorphic form w which we
integrate over cycles u € H*.

An important example are abelian varieties, such as the Jacobians of curves and the interme-
diate Jacobians of cubic 3-folds. The techniques include

e Theta functions
e Riemann bilinear relations

Our goal today is to give a construction of p-adic periods for abelian varieties that’s as close
as possible to the pattern of the classical case.
Issues to overcome are

(1) What is the p-adic analogue of a 1-cycle on an abelian variety?

(2) What if a meromorphic form w has pole on the 1-cycle u? (Topologically, we can slide u
to a homologous 1-cycle.)

(3) How do we define the period pairing given by integration

/ : Hi(X(C),Z) x Hig(X) — C,
and, in particular, what field should play the role of C and contain the periods?

15.1. Issue one. Now restrict to the case that X is an abelian variety over K such that K& c C
or C,. Fix this algebraic closure. Let v € H,(X(C),Z) be a 1-cycle in the singular homology
of the topological space X (C). There is a projection map pr : C* — X (C). Lift u through this
projection and let i(u) be one of its end-points, which we’ll call a basepoint. Let T,(X) be the
p-adic Tate module,

7,(X) = lim X[p"]

where X[p"] = {z € X | 2" = 1} is the p-torsion. Then there is a map
H(X(C),2) — T,(X)
u — (0,...,pr(p"i(u)),...).
This induces an isomorphism H; (X (C),Z) ® Z, — T,(X).

15.2. Issues two and three. To overcome issues (ii) and (iii) properly, we’ll need analogs of
complex results. To begin, let

1-forms of the second kind
1l (x) = 4 )

{exact 1-forms}
where the exact one forms are exactly the differentials of rational functions. There is a filtration
Hip(X) D HYX, Q%) D0
Fil° O Fil* O Fil?
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Given w a boundary of a 2-form on X/K, then let f, be a meromorphic function on X such
that
df,, = prrw on C*
where we can pull back because C¢ is contractible. If u € H;(X(C),Z) and a € C? not a pole

of f,, then
foli(u) +a) — fu(a)
depends only on u and the class of w in Hip(X). It is the data of the integral [ w. We can use
the group law to slide the 1-cycle w off the pole. This gives a pairing
H(X(C),Z) x Hp(X) — C
(u,w) = fu(i(u) +a) = fu(a)

which is

e bilinear and

e non-degenerate upon extension of scalars to C.

Proposition 15.1. To each f,,, we can associate a purely algebraic function, F,, which is
uniquely defined up to constant.

Proof. We’ll show it later. for now, we’ll explain the idea. O

Consider f,(z0+ 21+ 22) — fu(20 + 21) — fu(20 + 22) + fu(20). This is (C*)? periodic with A3
its lattice. It induces a rational function F on X3/K. It is algebraically characterized by the
two facts that

(1) F3(Xo,0,X5) = F3(Xy, X1,0) =0
(2) The differential is
where I C {0,1,2}. For each I, we get a morphism m; : X3 — X given by (1, T, 3) >
@icrr;, where the sum & is done in the group law of the abelian variety X.
In the p-adic case, we should replace the period pairing with the map
Ty(X) x Hig(X) — Biy (or Bar)
(u7 w) = lim pn(Fw(an) - Fw(an D @)
n—oo
where we assume that neither of the arguments of F, are poles of w, and the sum @ is in the
group law on X.

So our next task is to define these, show converge and show independence from the choices
made in the definitions.

15.3. Various rings. We recall here various rings we’ve seen. For starters, look at Bj;. We
have rings of integers O C Q2% and O¢, C C,. There is a valuation 7 on C, such that nu(p) = 1,
and there is a norm |x|, = p~7@ as usual. Let

Bt = {a= (") € O, | (o) = (a)}.

Consider the Witt vectors W (E') and the morphism 6 : W (E+) — Oc, which can be extended
to Bt := W(E")[p~'], and finally to Bgg, the field of fractions of Bi;.
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Definition 15.2. Let K/Q, be a finite extension and Ok the ring of integers. Define

g}; := Aint i = the smallest ring of BJ; generated by W(E+) and O
Then ker 6 N Z} is a principal idela in g};
Let 7 be a uniformizer for Ok and e a generator of ker§ N A}
Definition 15.3. If b € N, let
AR = A i = Af([="p]]
be the closed subring of Bj;. It doesn’t depend on the choices of 7 and p.

15.4. Past motivation. Much of the basic structure follows from the group law. The setting is
a finite extension K/Q, with a maximal unramified subextension K,. We'll call the Frobenius
morphism o : K — K. Let G be a commutative formal group law on O of dimension d of height
h. We'll denote sum in the formal gropu law as @, and [n] € End(G). Let Ok[[X1,. .., X4]] be
the affine algebra of G and define a closed differential form

w = Zai(Xl, o Xy)dr,  a(X) € K[[Xy,. .., X4

Definition 15.4. Define an algebraic function
F,, := the unique element of K[[X1,..., X4]] such that dF,, = w and F,(0) =0
Let F? be an element of K[[X;,...,X4,Y1,...,Yy]| given by
F2=F,(X®Y)—-F (X)—-F,(Y).
Now for some classes of closed differential forms
Definition 15.5. Let w be a closed differential form. Then we say w is exact if there exists an

r € N such that 7" F,, € Og|[[X1,. .., X4]]. We say that w is invariant if F> = (0. We say that it
is of the second kind if there exists an r € N such that 7" F? € Ok[[ X1, ..., X4]]

Let Q be the K-vector space of invariant differential forms. It is of dimension d.

Let
B 1-forms of the second kind

HL(G) =
ar(G) exact 1-forms
It is filtered as Hiz(G) D Q¢ D 0. But Hiz(G) also has a sub-Ky-vector space D(G) :=
{ differential forms with coefficients in K, }. The first cohomology decomposes as
Hix(G) 2 K ®k, D(Q).
It is equipped with a o-semi-linear action given by

P(w) = W ((X1)", ..., (Xa4)")
Then T, (w (how is it defined?) is a Z,-module of rank h with a Gal(K®#/K)-action.
Proposition 15.6. Let w be a I-form of the second kind. Let u = (0,...,uy,...) € T,(G).

Then there is a lifting u, € (Z})d such that O(u,) = u,. The following are true:
(1) The sequence —p"F,,(u,) converges in B, i to a limit that depends only on u and the

image of u in Hip(Q).
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(2) The period map thus defined is
o bilinear
o respects filtrations, i.e., [ € Fil'(B) for all w € Qg,
o and commutes with the action of Gal(K““/K), i.e., g [,w = [

(3) If w e D(G), then [ we Bl and ¢(f,w) = [, d(w).

cris

(w) w.

15.5. Extend by analogy to abelian varieties. Again, let K/Q, be a finite extension, and
X a smooth, proper algebriac variety over k of dimension d.

Definition 15.7. A map

F: X(BR) — Bix
is called locally analytic if for all x € X(Bj;) and for some (indeed, any) choice of local
parameters at x, call them 21, ..., zq, there exists F, € Biz([21, ..., 24]) and 7 € R such that

(1) Fy(z1,...,2q4) converges if |6(z;)|, < r.
(2) F, coincides with F' in a neighborhood of x.

Definition 15.8. A locally meromorphic function is a quotient of two locally analytic functions.

For example, rational functions on X are locally meromorphic.

For another example, consider a closed, rational 1-form of the second kind, w. Then there
exists a locally meromrophic function F,, such that dF, = w.

Note that F, is only determined up to a locally constant function.

Let’s move back to the setting of abelian varieties.

Proposition 15.9. Let w be a 1-form of the second kind on X and F?2 be a rational function
on X3. Then there exists a locally meromorphic function F,, on X(BJg) which is unique up to
addition by a constant such that

(1) dF, = w, and
(2) F,, and F? are related by the “law of the cube”.

A short discussion with the audience revealed we’re encoding the fact the if you take any
ample line bundle (think F,) on an abelian variety, then it’s cube (think F?) is very ample.
Note that in the classical setting F,, would be a function on the covering space C" and not on
the variety X.

Back to the talk, £, plays the role of the integral. Let X be an abelian variety over C, and
X be a proper model of X on Og. Let O(Oc,). Let b > 0. Let w be a 1-form of the second
kind on X, and let u = (..., u,,...) where u, € X(Oc,). Choose lifts u, € X(E}’(b such that
0(,) = .

Finally, let a,, € U,z (A}b), which is a Zariski open subset of X avoiding poles of w.

Proposition 15.10. The sequence
p"(Fo(an) — Fula, © uy)

has a limit in B}, which only depends on u and the class of w € Hyp(X).
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Proposition 15.11. The pairing
Hin(X) x T,(X) — Bl

w u — /

18
(1) bilinear,
(2) commutes with Gal(K/K),
(3) respects filtration,
(4) and 1s non-degenerate when extending scalars to Bgg.

Proposition 15.12. We have p-adic theta functions and Riemann bilinear relations.

16. LOGARITHM MAPS

Sergey Rybakov on Friday, the 23rd of July, 2010.
We define the logarithm. Let

l+me, ={z€C,|v(r—-1)>0} CC,.
Definition 16.1. The logarithm is the map
1+ me, — Cp

xH_ZW

n>0

Lemma 16.2. There is an exact sequence
0— pp, +1+me, -C, =0

where iy, = Uppipn, pyn = {x € C, | 27" = 1} is the group of all p-power roots of unity in C,.

Proof sketch. First, note that log is invertible with inverse exp on the subgroup
{frel+me, |v(x—1)>1}
We’d like to show the second map is surjective. Note that for all y € C,, there exists m € N
such that y - p™ € pOg¢,. Define z := (exp (y -pm))l/pm. Then
o logzr =1y,
e and z € 1 +mg,.

So we see that the second map in the exact sequence is surjective. Now we compute the kernel.
Assume logx = 0. Then there exists a m € N such that
v(l—af") > 1.
Since the function log is invertible, logz?” = 0 iff 27" = 1, i.e., x € pym. So we've found the
kernel. 0
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Definition 16.3. Define the subgroups

E+

U

Ut .= {x€E+|V(x—1)>0}={x€etp|x(0)€1+mcp}
@)

U = {xeU" |v(xz—-1)>1}

Also define the logarithm,
log: Ut — C,
z — logz®
Lemma 16.4. There is a short exact sequence
0—Q,(1)=»U"—=C,—0
where the first map sends 1 to e = (1,(p, (2, ...) and ¢, # 1.

Proof. The surjectivity of the second map follows from the first lemma. The kernel is ker log =2
Q, since
logz =0 <= logz® =0
—= 29¢ Fpr s n>0
— (@) =1, 2" € Zye

Now we extend the definition of the logarithm to U™.
Definition 16.5. Define the logarithm to be
log[] : Ut — B

max

g - -y UsEr

n
+

max*

It converges in A

Proposition 16.6. For all x € U™, there exists an m such that 2P € U'. Then
1 n
log[z] = — log[z" .
pn

Proposition 16.7. Let U :=log(U") C B}t ,,. ThenUT™ — U.

mazx-*

OHQp(l) U+ <Cp 0

e

0—=Q, -1t U G, 0

Proof. Note that
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Then kerlog[] C kerlog 2 Q, - € where the map is € — ¢. thus log[] : UT — U. O

Theorem 16.8. There is an exact sequence called the fundamental exact sequence,
0—Q, — B! — Bur/Bl, — 0

Proof. First note that ¢log[z] = log[2?] = plog[z], so there is an isomorphism
Ut 5 U C Buaed = 10 B

Thus
U-t7' c BSZ'NFil ' By

max

Second, there is an exact sequence
0— Q, — B! — Bar/Bix.

max

The result will then follow from a proposition.

Proposition 16.9. (1) There is a surjective morphism Bo=t — Byr/Bip.
(2) Ut generates BSZ! as a sub-Qy,-algebra of Bag.

Let X be the subalgebra of Bgr generated by Ut~ over Q,. It is enough to proved that
X, =FiI'"X = X NFil " Byg.
Then grX — grBar/Bjy is surjective, implying that X — Bgr/Bj is surjective.

Take v € C, -t = Fil " Bar/Fil """ Bag. There exists a y € C, such that y" = z - "
and x = (%)n Then by the proposition, there exists a v = log[s] for some s € U™ such that
0(v) =logs® = y.

We conclude that the maps is surjective, since v™/t" — z. 0

Suppose V is a de Rham representation. Then there is an exact sequence,
0=V — B2l ®q, V — (Bar/Big) ®q, V — 0.

max

Take G'g-cohomology. Then in the long exact sequence associated the above short exact se-
quence, the first nontrivial differential map is

exp : HO(GK,BdR/BiR ® V) — Hl(GK,V).

Note that H(Gy, Bar/Biz ® V) = Dar(V)/Fil’ Dar(V).

For example, let I’ be a commutative formal group of finite height over O, where K/Q, is
a finite extension. Let T be the Tate module of F' and let A be the integral closure of Uk in
K®&_ Then

T/p"T
lp lp idl
0——=T/p" T -t U F(A)——0
From which we see the exact sequence,
0—>T—>1{i£1F(A)—>F(A)—>O

where the limit is taken over x — pzx.
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Consider the Bloch-Kato expansion
Fr=F®o, K

There is an exponential
for V=T ® Q,.

Lemma 16.10. There is an isomorphism
TFx = Dagp(V)/FilDyg(V)

Proof. The morphism V' ® Hjg(F) — Byr is non-degenerate and respects the filtration.

{invariant 1-forms}
Hag (F)

{exact 1-forms}
Fil’ Fil'

Aside 16.11. A discussion ensued which was hard to follow. The justification relies on the pairing
Brent constructed,
Bar ® V = homg(Hp, Bar)
Take Galois invariants to see we have a filtration
Dgr(V) DU D0
FiI'' D Fil° D Fil'=0

Thus
Dar(V)/U = (Fil'Hiy (F))" = ({invariant 1-forms})" = (T*F)" = TF,

where the superscript wedge denotes the dual. 0

Proposition 16.12. We have a commutative diagram

exp

TFy —— [(Ok)®Q,

: =

Dar(V)/Fil Dyp(V) — H (G, V)

where the partial derivative is the morphism
0:F(Og)=H(Gg,F(A)) = HY(K,T).

Aside 16.13. In the closing discussion, some comments were made. Note the image of the lower
Bloch-Kato exponential is the image of the Kummer map. Using the Bloch-Kato exponential,
we can construct a nice 777 for an representation. It allows us to compute the dimension of the
subspace of all exponentials which are crystalline???
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Proof. Let x € hom(T,Z,(1)) — hom;,(F,G,,). Then we have a commutative diagram of
short exact sequences,

0 T lim, F(A) F(A) 0.
X X X

0 —> Z,(1) U+ C lim, A" AN 0
id log|] log

0— Q,(1) —= U = B¢’ N Bl C, 0
id inj

0—=Qp(1) Bax(1) (Bar/Bgg)(1) —=0

We tensor with 7(—1) and then with Q, to get an exact sequence for 7. Let V =T ® Q,. So
the bottom line becomes,

0—V = B%Zl® — (Bar/Blr) @V — 0.

max
We arrive at a commutative diagram by taking the top and bottom lines of the above large
diagram:

0RQy
F(Ok) ®Q, ——"> H(Gx, T) ®Q, ,

NP

Dar(V)/Fil’ Dar (V) —— H' (G, V)

From which we conclude the result. O
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