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2 THE SPEAKERS

1.1. Periods. Their roots descend to the nineteenth century, where periods arose from the study
of elliptic and abelian integrals by Jacobi, Hurwitz and many others, and also from the problem
of squaring the circle, or more generally, squaring ovals as studied by Leibniz in particular.
These questions arise in celestial mechanics, in the study of orbits. If you calculate the area of
sectors of an ellipse, you are lead to elliptic integrals, and so to periods.

And what are periods?

Definition 1.1. The periods of a smooth projective curve C' are the integrals of global holo-
morphic forms over 1-cycles. They are characterized by the periods of a basis of the k(C')-vector
space of global holomorphic differential forms integrated over a basis of the first singular homol-
ogy over C.

In the case of a circle, a basis is given by the single element
dx
x
In the case of an elliptic curve X over the complex numbers, which one might picture as
a torus, or as the graph of its real points in R?. Assume the curve has been transformed to
Weierstrafl normal form

vi=a%—ar—b
Then the zeroeth cohomology H(X,y), is spanned by two holomorphic differential forms,
dx
w = —
Y
n = aw

Using the Hodge decomposition H'(X) = H-(X)® H*'(X I, we distinguish w as a form of the
first kind, and 7 as a form of the second kind. Then we may define the periods by integrating.

o) = [w w(f)I/fw
n(o) = /Jn, n(f)z/fn

Rewriting the equation of the elliptic curve in Legendre form
v =x(x —1)(z— )
allows easier generalization to the higher genus case, where we consider curves of the form
y* = (e = D(r = M) (2= Agg1)
This presents the curve as a ramified cover of P by projecting onto the y-axis.

The study of periods leads to hypergeometric geometric functions and to variations of Hodge
structures.

1.2. Hilbert’s seventh problem. Much of transcendental theory in the twentienth century
grew out of Hilbert’s seventh problem. Prior to 1900, Riemann proved that 7 is transcendental.
Hilbert’s problem is as follows:

'Recall that Poincaré duality for the curve X says that H(X,Qx) = HY(X,Ox) = H'(X).
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Conjecture 1.2 (Hilbert’s seventh problem). Complex numbers a, 3 and o are in Q if and
only if B € Q oraa=0 orl.

Hilbert regarded this problem as more difficult than the Riemann Hypothesis in one of his lec-
tures. The problem was solved in 1934 by Gel’fand and Schneider, while the Riemann hypothesis
remains open. Note this does not necessarily mean Hilbert was wrong.

In 1936, Schneider extended the result to the case of elliptic curves, which relied on the theory
of elliptic integrals of the first and second kind. For example, he considered the following

Question 1.3. When is a point on an elliptic curve over C' is transcendental.

Gel’fand was more interested in extending in the direction of logarithmic forms in two vari-
ables. For example, he considered the following

Question 1.4. When are numbers of the form
A = Bilogay + B2 log ap
transcendental?

The work of Gel’fand was then extended to case of at least three logarithms.
A famous problem originating with Gauf} asks the following

Question 1.5. Which number fields have class number one?

Baker solved this problem using n-logarithms, which have the form,
A= Z Bilog o,

where o, 3; € Q. He made the qualitative observation that
dim g(logay, ..., logay,) = dim g(logay,. .., log ay).
He also proved the quantitative result that
|A| > B™¢,

where B is the height of the linear form ). f;z, and ¢ is a constant.

Siegel proved that if you have a plane algebraic curve with rational coefficients, you look
at the integral points on this rational curve. In that case, there are only finitely many such
integral points, except when the curve has genus 0 and the divisor at infinity has at most two
components, in which case there are infinitely many points.

1.3. Commutative algebraic groups. Around 1970, Serge Lang reformulated everything I
told you so far in terms of algebraic groups.

Theorem 1.6 (Rosenlicht). Let G be an algebraic group over Q. The G is an extension of the
form
0->L—>G—-A—-0

where

L=G'x G,
and A is an abelian variety such that

A(C) = C"/A,
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for the A the fundamental group of A.

These group extensions may be studied using H?(A, O,4) and Pic’(A), spaces which relate
closely to differential forms.

Recalling the discussion about the origin of periods, in the study of periods on circles, we
arrived at rational functions, and in the study of elliptic curves, at the WeierstraB3p-function.
This may be generalized as follows.

Let G be a Lie group. We will abuse notation and also write G to mean G(C). It has a Lie
algebra g, which we consider as a Q-vector space. In general, given a subspace a, it corresponds
to an analytic subgroup A < G.

Question 1.7. Does

AQ) =G(Q)NAQ)?

If Ais a fortiori an algebraic subgroup, then the above equation holds. B o
In general, A(Q) = {1}. If A is not semi-stable, then there are cases when A(Q) = H(Q) for
H < A algebraic.

1.4. Periods from a modern point of view. There are two viewpoints.

e One may consider periods attached to an algebraic variety.
e One may consider all periods together, an approach due to Kontsevich.

We take the first viewpoint in this first talk. Let X be a projective algebraic variety over @,
and M be the sheaf of meromorphic functiond] on X. Let ¢ € I'(X, M%) be a meromorphic
function of degree 0. Given a polar divisor D, we define

U=X\|D|
which is open in X. Fix a global holomorphic differential form & € H(U, ;).

Definition 1.8. The periods of X with respect to £ are
H\(U,Z) - C

(v [0.1] = U(C)) + /5

/75

The problem may be transformed to a question about the path space
PU = {7 : [O> 1] - U(C)}>
which forms an infinite-dimensional differential manifold.

Py = {7 € Pu:7(0),7(1) € X(Q)}

Question 1.10. How does Py (Q) look?

Question 1.9. Is

transcendental?

2The meromorphic functions are defined over Q
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We will see a picture of what this looks like in terms of mixed Hodge structures. The periods
are characterized by a function on the path space.

I(f)PU - C

”
One could replace this path space by the fundamental groupoid.
A significant problem lies in generalizing this story to higher cohomology.

2. KONTSEVICH-ZAGIER PERIODS

Gisbert Wiistholz on the 14th of July, 2011.
See Periods and algebraic de Rham cohomology by B. Friedrich for reference

2.1. Let X be a smooth projective variety over Q, and D a smooth, normal crossings divisonf]
on X. Let U = X \ D be the complement, and ¢ € T'(X, M%) a meromorphic form of degree 0.
If D is a polar divisoif], then € € HO(U, Q).
Consider again the path space Py. It contains a subset &

Pﬂ@%=he¢w«wmmuwﬂﬂénan={veﬂﬂmz/geau&m§

Question 2.1 (Leibniz, Arnol’d). What is &7

Consider an embedding of mixed Hodge structures i : H — Hy(U, Z). It induces an exact
sequence

0 i H'(U,Z) "> v —=0

Theorem 2.2. A path ~ lies in Ey if and only if the following conditions hold

(i) There exists a mized Hodge sub-structure H — H,(U, Q) such that v € H xg C.
(ii) There exists n € T(X, Q% [log D) and ¢ € T(U, Oy) such that

E=n+dp and [f]e H @gC.
The second property holds whenever
[¢= [o+d0)=o60) - 06,0 € @
8! 2!

In general, there are at most countably many mixed Hodge sub-structures.
Given a U and xi, one can define their associated generalized Albanese variety Alb(U) with
the associated embedding ¢ : U — Alb(U). This is the variety which is universal for morphisms

3That is, a divisors whose support has at most nodal singularities
4A polar divisor the negative part of a divisor of a meromorphic form
5This means the meromorphic forms whose poles are all simple and lie along the divisor D


http://arxiv.org/abs/math/0506113
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from U to Abelian varieties, i.e.,
U7 —2% Alb(U)
\ :3
v !
A
Then there exists an w € LieAlb(U)" such that £ € ¢*w, and

P —2% Panw) —= LieAlb(U) = H,(Alb(U), C)

This succeeds in transferring the problem from the variety U and form £ to the algebraic group
Alb(U) with a tangent vector w.
Consider the exact sequence

0—G'xG, —G—A—0.

There is another sequence

0 V G S 0,
where S is a semiabelian variety, and corresponds to the logarithmic structure log D and gives
a mixed Hodge structure H in the above setting.

0— H'(X,Ox) G A 0

2.2. Periods according to Kontsevich. The formulation of Huber-Miiller-Stach begins with
a quadruple (X, D,w,y) such that

X is an algebraic variety over Q

D is a (not necessarily closed) subvariety of X

w € Hip(X, D) is a holomorphic d-form vanishing along D.
v € Hy(X(C),D(C), Q) is a rational d-cycle avoiding D.

Define the set
R=Q {...,/w,..}
Y
It is a ring by Frobenius’ theorem.
Let P be the free Q-algebra generated by the set of quadruples.
(X7 ‘D7 w? f}/) 73

\

D+
Jyw R
where P is P with the Tate element, 274, inverted.

Conjecture 2.3. The map T is injective.

This conjecture lies deep, and might take another century to solve.
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Question 2.4. What is the kernel of the period map from P to R?

The ring R is defined by relations.
(i) They are linear in w, 7y
(ii) (X, D, f*u',v) = (X', D',u', fiy) for all f: X — X' such that f(D) C D'
(iii) (Y, Z,w,dy) = (X,Y,0w,7) forall Z C Y C X.
2.3. The case of an elliptic curve. Let E be an elliptic curve with complex multiplication,
and let

Hir(E) = Quwa Qn
Hl(E) = Qe
where O is an order in a imaginary quadratic field induced by the complex multiplication on F,

making it a two dimensional algebra over Q.
Examine the quadruple (E,(, £, ) where £ = w,n and v = e. Then

P = <(E,(D,77,e), (E,0,w,e), (P, {0} + {oo}, %, s’)>Q

Furthermore,
P — Qlw(e), nle), 2mi] = Qlw(e), n(e)].

The equality follows from the Legendre relations. This map is injective.

3. SINGULAR (CO)HOMOLOGY

Jonas Jermann and Roland Paulin on the 14th of July, 2011.
See Algebraic Topology by Allen Hatcher for reference.

3.1. A variety will be a reduced, separated scheme of finite type over Q. After base change to
C, it carries both a Zariski and a Euclidean topology.

Definition 3.1 (Complex analytic space). A complex analytic space is a locally ringed space
(X, Ox) which is locally isomorphic to a space of the form (U, Oy ), such that,

U={zeD"| fi(z)=---= fu(z) =0}, fis. .o, fo € T'(D", Op, )holomorphic,

and

Ou = Opn/(fi,. .\ [n).
where D" = {2z € C" | |z]| < 1}.

Let X be a scheme of finite type over C. X islocally of the form X C Y = Spec Clz1,...,x,]/(f1,. ..

We view fi,..., fm as holomorphic functions. Let Y™ = {z | fi(z) = -+- = f.(2) = 0} and
OY“" = OC"/(fb SRR fm)

There is a functor a, which maps

(schemes of finite type over C) —  complex analytic spaces
(smooth of finite type over C) —  complex manifolds
cpP" — CP!,

where the “an” subscript will denote the associated analytic space.

s fm)-


http://www.math.cornell.edu/~hatcher/AT/ATpage.html
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3.2. Singular homology. Let X be a topological space and R a unital, commutative ring. Let
A™ be the standard n-simplex.

Definition 3.2 (Singular n-simplex). A singular n-simplex is a continuous map o : A" — X.

Definition 3.3 (Singular n-chain). The singular n-chains on X with coefficients in R are the
R-module
(0 : A" — X | o is continuous )g

Definition 3.4 (Face of a singular chain). The ith face of a singular n-chain o is
oi(toy . s tno1) = 0(to, .-y tic1, tivty -y tn_1)
We define a complex with the boundary map by its action on simplices
Co(X;R) — C,1(X;R)
oo +— X, (=1)o;
It extends to chains by linearity.
Lemma 3.5. This is a chain complex, i.e.,
> =0.
3.3. Homology of a pair. Let Y C X be a subspace of X. Then define a chain complex by
C(X,Y;R)=Ch(X;R)/C,(Y; R)

The boundary map 0 descends to these R-modules, which form a chain complex.
Define the homology H,(X,Y; R) to be the homology of this complex. It is functorial in
(X,Y), ie.,

(X,Y) = Hu(X,Y;R)
(hid s ) = ion foo)

3.4. Singular cohomology.
Definition 3.6. A singular cochain on X is
C"(X,Y; R) = Homp(Cr(X,Y; R), R)

Since Hompg(+, R) is a contravariant functor, it transforms the singular chain complex into a
singular cochain complex with R-modules C™(X,Y’; R) and boundary map d.

Proposition 3.7. Let Z C Y C X be topological spaces. There are long exact sequences of
homology and cohomology

——=Ho(Y,Z; R) — Ho(X, Z; R) — Ho(X, Y R) —= H, 1 (Y, Z; R) — - -

= H"(X,Y;R) —— H"(X, Z; R) — H"(Y, Z; R) —— H™ (X, Y; R) —> - --
Proof. Consider (Y, Z) — (X, Z) — (X,Y). It induces a short exact sequence
0—=C.(Y,Z;R) — C.(X,Z;R) — C.(X,Y;R) —= 0
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By the snake lemma, this induces a long exact sequence in homology.
For cohomology, apply the Hompg functor to the short exact sequence, to obtain a left-exact

sequence. It is in fact a short exact sequence, which can be seen be examining C"(X, Z; R) —
C"(Y,Z;R). O

3.5. Properties of singular cohomology.

Proposition 3.8 (Homotopy invariance). Let f,g: (X,Y) — (X', Y") be homotopic morphisms
of pairs, i.e., continuous functions such that f(Y),g(Y) C Y', and such that there is some
G: X x[0,1] = X" such that Gy(Y') C (Y') for allt. Then f and g induce the same R-module
morphism on the relative homology.
Define the cup product by
CY(X;R)x C*(X;R) — C"MX:R)
(9.4) = (¢UY 0 d(ooa)(oop))

where

: (to,...,tk)

(0] (tg,...,tk,o,...,O)
52(t0,...,tl)

H
— (O,...,O,to,...,tl)
This satisfies
3(pUY) =dp Uy + (—1)¢ U (5v)

and induces a cup product on the cohomology, making H*(X; R) = &,H"(X; R) into an R-
algebra.
Proposition 3.9 (Kiinneth formula). There is a cross-product on singular cohomology

x: H*X;R)® H(Y;R) — H"™(X xY;R)

axf = pila)Ups(B).

It interacts with the cup product according to the formula

(@®pB)U(@®pf)=(-D)"(aud)e (BU).
If H*(Y; R) is a finitely generated free R-module for all k, then the cross-product induces the
isomorphism of graded rings

H*(X;R)®@r H*(Y;R) — H*(X xY;R)
a®p — axf.

3.6. Universal coeflicients theorem for fields.

Proposition 3.10. Let X D Y be topological spaces and L/K a field extension. There are
1somorphisms

H™(X,Y;L) = Hom(H,(X,Y;K),L)

3.7. Smooth chains. Given a smooth manifold X, we can form a chain complex of C*°—chains,
which are R-linear sums of C'*°-functions from standard simplices to X. One can show that
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the resulting homology and cohomology are isomorphic to singular homology and cohomology
respectively.

3.8. Poincaré duality. Let M be a compact, oriented smooth manifold without boundary. It
corresponds to a fundamental class [M] in its own homology H, (M; R).

H*(M; R) — H, (M;R)
a — an[M]
where N denotes the cap product, induced by the cap product on singular chains,
Ce(X;R) x CY(X;R) — Cw(X;R)
(0,9) = onNg=g(coa)(oop),

where we leave a and S undefined.
It interacts with the boundary map according to

A oNg)=(-1)(doN¢p—0ondop)
4. SHEAF COHOMOLOGY

Bleder Fazlija and Rafael von Kénel on the 14th of July, 2011.
See Chapter 5 of Foundations of differentiable manifolds and Lie groups by Warner for refer-
ence.

4.1. First definitions. Let K be a principal ideal domain.

Definition 4.1. A sheaf cohomology theory on a differentiable manifold M with coefficients in
a sheaf of K-modules consists of

(i) For all sheaves S on M and all integer ¢ € Z, a K-module H1(M, S).
(ii) For all morphisms & — &’ and ¢ € Z, a morphism HY(M,S) — HY(M,S’).
(iii) For all short exact sequences 0 — &' — § — §” — 0 and ¢ € Z, a morphism
HIY(M,S") — HI (M, S")

such that
(a) all ¢ < 0, HY(M,S) = 0. Also, H*(M,S) =T'(M,S) and for all morphisms S — &', the
diagram
HY(M,S) ——=T'(M,S)
H'(M,S8") ——T'(M,S)
commutes

(b) A fine sheaf is a sheaf such that for every locally finite cover {U;} of M, there exists a
family of endomorphisms [; such that
suppl; C U;
We assume that for all fine sheaves S and all ¢ € Z, HY(M,S) = 0.
(c) For all short exact sequences of sheaves, 0 - & — § — §” — 0, there is a long exact
sequence HY(M,S') — HI(M,S) — HI(M,S") — H"'(M,8') — ---.
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(d) The identity 1:S — S induces the identity 1: H1(M,S) — HY(M,S).
(e) For all commuting triangles
S - Sl )

ANy

S//
the diagram
HY(M,S) —— HY(M,S")

T

HY(M,S")
commutes.
(f) For all morphisms of short exact sequences

0 S S S 0

N

0 T T T" 0

the diagram
H"(M,S8") —— H™(M,S")

| l

HY(M,T") —= H™ (M, T")

commutes.

Proposition 4.2. Let S,,. be a presheaf on M, where we will use the notation Sy for its open
sests and pyy for its restriction maps. Let ¢S be its associated sheaf.

(SM)O = {8 €Sy | pm,M(s) =0 fOT’ allm € M}
If P satisfies the glueing axiom, then
0— (Su)g —= Sy —=>T(M,S) —=0
is exact, where r(s) = (m > ppm.(s)).
Theorem 4.3. Let H be a cohomology theory on M and
0 S So S
be a fine resolution of S. Then

HYM,S)=HYT'(M,S))
forallq e Z.

Proof. Let ¢ = 0. Since the resolution is exact and I' is left-exact,

dO

0——=T(8) —=I'(&) —=T'(&1)
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is exact. Thus
HY(M,S) =T(M,S) = ker(d") = H*(I'(M, S*))
Now consider the case ¢ = 1. Let K; be the kernel of S; — S5. Since [4.3]is exact,
0 S So K1 0
is exact. Property (¢) of sheaf cohomology implies that
H(M,Sy) — H°(M,K,) — H°(M,cS) — H*(M,cSy)

Then
D(Sp) —2- T(K,)) —= HY(M, 8) —= 0
implying that
HOM, ) = T(M,Ky)/T(M, )
= I'(M,K;)/im d°
= H'(T(M,S"))
O

Definition 4.4. Let G be a K-module. Then SP(U, G) is the K-module consisting of functions
which assign to each singular p-simplex an element in G.

Definition 4.5. The classical singular cohomology groups of M with coefficients in G are defined
by

Theorem 4.6. The classical cohomology groups are canonically isomorphics as K-modules to
the sheaf cohomology groups HY(M,S).

Proof. We have
HY(S" (M, G)(x)) = HYI(M, Sy (M., G)))
This together with imply that

0—=G—=8"(M,G) —= S'(M,G) -

is a fine resolution and
HA(M,G) =2 HY(M,G) =2 HY (M, G)
O

Let X be a topological space, and D C X a closed subspace with open complement j : U — X.

Then
H(X, jiA) = H'(X, D; A)
for any constant abelian group sheaf A, where the lower shriek is extension by zero, defined by
taking the sheafification of
{ A VcU
Vi

0 0

5. ALGEBRAIC DE RHAM COHOMOLOGY AND THE PERIOD ISOMORPHISM

Konrad Volkel and Peter Wieland on the 15th of July, 2011
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5.1. Introduction. Let X, be a smooth projective variety over Q and X = X, x¢g C the base
extension to C. We will prove the isomorphism

Hap(Xo, Q) ® C — Hyp(X,C)

as the composition of four different isomorphism.

5.2. De Rham cohomology. Let F e a sheaf on a topological space X with values in abelian
groups. Take an injective resolution

d° dt

0 X I° It
Apply the global sections functor and drop the I'(X, —) term to get

0 —=T(X, 1% L (X, 1) £ ..
The homology of this complex is the sheaf cohomology of F, i.e.,
ker d¥
im dF—1
Let X be a variety over K and denote {2x the sheaf of Kéhler differentials on X.
Consider

HMX, F) =

Ox —= QL — =02
where Q% = AF_ Qx is the ith exterior power of Qx. Let U C X be an open affine subvariety
U=Spec A, A:=Klzy,...,z,)

and
d.fdxy, N--- Ndx;, — df Ndz;, A--- Ndx;,
where df := 3", i—{d:ci.
Choose a double complex I** such that the kth column is an injective resolution of QF.

Hipn(X, k) = HI(Q%) = H/(D(X, tot I**))

d

IO’O [1,0
701 € 7l

"

tot(I**), = P ¥ 9=
k1
kE+l=n
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For U = Spec A where A = K{z1,...,2,](f1,..., f-), the sections of Qx on U are

dl’l,...,dl’n>A

|
o = (dfy,....df.)

5.3. Examples.

Ezample 5.1 (A"). Let X = A", We examine the complex
0—0x — QY = Q% — -
The differential is

d: klx] — (dx)
So

Hin(X, k) = k

Hip(Gpn,k) = 0

Example 5.2 (G,,). Let X = G,,, = Spec k[z,z'] and

d

Ox =0k — 0%

where
d: klz,z™" = (da)ppea
is the surjective differential. Here kerd = k. Since % ¢ im d,
p (j) _ gdf — fdyg
g 9°
So
HY (X, k) = k

(G k) = <d—x>k

X

5.4. The isomorphism H!p,(X,, Q) ®q C = H'(X,C). Let X, be a smooth variety over k
and ko C k a subfield. Then we have an isomorphism

HéR(X(Jv ]{20) ®ko k= HcZiR(Xv k)

Since X is an affine variety, 7*€2x, /x, = Qx/ by Hartshorne II.8.

—1 —
™ QXO,kO W*QXO = QX

\/

T Qx, @, K
5.5. The isomorphism H,(X,C) = Hi,(X*). Now let Y be a complex manifold.

A3* = smooth C-valued differential forms on Y

Select the subcomplex of holomorphic differential forms
Q3 :=kerd C A}’
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Now the de Rham cohomology of Y is defined to be
Hop(Y) = H'(Y,Qy).
Theorem 5.3 (GAGA@). Let X be a smooth projective variety over C with structure sheaf Ox .
Consider for some coherent Ox-module F
F = j*F = 7' F ®j-10, Oxan
where 7 : X — X is a morphism of locally ringed spaces. Then
HY(X,F) = H'(X™ F™)
More generally, for any complex of Ox-modules, there is an isomorphism of hypercohomology
H' (X, F*) = H/(X™ F™).
Furthermore,
H'(X,0%) = H'(X™, (2%)") = H' (X", Q%)

where the second isomorphism comes from the isomorphism j*Q% — Q%an.

5.6. The isomorphism Hj,(X*") = H, (X*, C). The following exact sequence induces
Hip(X™) > H, (X™ C).

sing

Lemma 5.4 (Poincaré lemma). There is an ezact sequence

1
O%C%OXG’”%QXGR%.'.

Xan

Lo
)

Co (Xan’ C)

sing

The integration morphism is

sing

/ A” — Ccr (X C)
(ZI—>wa)

Then

< Oxan F

] |

C;)mg(Xan’ C) f[p] f = f(p>

6The abbreviation GAGA stands for Géometrie algébrique et géometrie analytique, the title of the paper by J.-P.
Serre.
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and

ATL —d> An—i—l

Il lf

n d n+1
CSiTLg Csing

/w:/dw
YA z

So the integration morphism induces an isomorphism of hypercohomology
Hi (sz’ QX“",Qkan ;) Hz (sz C* (Xcm’ C)

) Ysing

follows from

Hence ' '
Hp(X™) = H

sing
5.7. The isomorphism H}, (X", C) = H, (X", Q) ®q C. The last isomorphism follows

directly from the universal coefficient theorem for fields. Cf. the talk on singular cohomology.

(X, O).

6. RELATIVE DE RHAM COHOMOLOGY

By Mario Huicochea and Hiep Pham on the 15th of July, 2011.
Let X be a smooth algebraic vareity over a field k, and let D be a normal crossings divisor
whose decomposition into prime divisors is

Define also the intersections

We will abbreviate {0,...,m} as [m]. Let f : [m] — [n], i.e., a function such that f(i) < f(j)
for « < j. It induces

p(f): Il Diin—=  JI  Disin
1<ip<<in<r 1<jo< -+ <gm <
which the natural inculsions
Digviny = Dip(0)-ip(m)
We also define an order preserving function for each pair of natural numbers [ and m by
o s m] — Im+ 1]

where §;" includes [m] into [m + 1] by excluding .

D*(53)
Do(é(l)i_[ -
T <
Hazl D,=— 1<a<b<r Dap ~ 51 H1§a<b<c§r Dape
D*(89) D06y

D*(55)
Then include
Z — suppD = U;_, D;
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and
807

1.0(] 2) = Pz

We define

So we get morphisms

dy
dg —
T - ° = - ° 1 - °
@a:l Z*QDa/k — ®1§a<b§r Z*QDab/k - ®1§a<b<c§r Z*QDabc/k e
dl ——
dj

Define its associated complex by

T e d! . e d? . e d°
D Z*QDa/k — ®1§a<b§r Z*QDab/k - ®1§a<b<c§r Z*QDabc/k —

where the differential is given by
d' = dy—dY

m+1

i — Z(_l)l ;n
1=0
It is indeed a complex, i.e., d™*! o d™ = 0, because
5o gt =t ed,  0<I<k<m
This gives a double complex whose terms are

p,q — ; '4
QD'/k = @ Z*QDal...aq
1<apg<-<aq<p

We will denote its associated total complex by ﬁ}) Ik

Definition 6.1. The de Rham cohomology is defined by
Hip(D/k) == H*(D, Q})/k)

6.1. Relative de Rham cohomology. The relative case, with a pair (X, D)

X — (Di = X). Ds Jk
Let ¢ : supp(D) < X. Then there is a morphism of complexes

We take the total complexes to get a morphism

17
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Now define a new complex M; by

My = i.Qp [~1]

( 4)
0 dx )

whose differential is

The picture you should have is

0
1) / Qg{+2
0 Qp-i- 1

/\
N
T

0

Definition 6.2. The relative de Rham cohomology is given by
Hip(X, D;k) == H*(X, ﬁX,D/k)
6.2.

Lemma 6.3. Ifi: Z — X is a closed immersion of k-varieties, and Z is an injective sheaf of
abelian groups on Z, then i,ZL is also injective.

Proof. If j : F — G is an injective morphism of sheaves... 0

Lemma 6.4. Ifi: Z — X is a closed immersion and F* a cochain complex of sheaves bounded
below, then there is a natural isomorphism

H*(X,i,F*) — H*(Z,F*)
Proof. Taking a quasi—isomorphisnﬂ F* — I® with Z* a cochain complex of injective sheaves.
Then
H*(X, i F*) = H*(D(X,i.F"))

A quasi-isomorphism is a morphism which induces isomorphisms on the hypercohomology
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Theorem 6.5. If X is a smooth variety over k and D a normal crossing divisor on X, then
there is a long exact sequence

- HYN(Ds k) — HY (X, Ds k) — HY (X k) — HYo(D k) — - -
Proof. Recall that

NB(,D/k = i*ﬁ.D/k[_l] ® QB(/k
where the —1 denotes shift to the right, i.e., AP[—1] = AP~! and examine the trivial sequence
0 — i, Q% [1] = Q% pje = Qxje — 0.
It induces the long exact sequence
coo— HP(X, 0,0, [—1]) = HP(X, Q% pp) = HP(X, Q%)) = -+
This is isomorphic to

HP (X, i*”b/k >~ HP (D k) — H2o(X, D; k) — HE (X k) — - -

7. NORI'S BASIC LEMMA
Jonathan Skowera and Jun Yu on the 16th of July, 2011.

7.1. Motivation. Fix a subfield £ < C.

We will prove Nori’s basic lemma. In analogy with the cellular complex for CW-complexes,
Nori’s lemma allows one to create a complex for affine k-varieties. Recall that the cellular
complex associated to a CW-complex X is

>}152'71.()()(2’)(1) dz; Hfmg(Xl,Xo) d N Hgmg(XO,@) do =0

where X* denotes the k-skeleton of X. Adding the long exact sequences for the pairs (X*, X*~1)
to the above diagram shows from where the d; come. The homology of the complex recovers
the singular homology of X.

; ker dk
Hszng X —
k ( ) im dk+1
The intuition is that Hy(X*/ Xk 1) = Hy(\/, S%) 2>, .62

7.2. Sheaves.

Definition 7.1. A sheaf of sets F on a topological space is locally constant if the fibers of its
étale space are all discrete. In other words, if every point z € X lies in a neighborhood U such
that there exists a set Sy such that

F(V)=Ss, for all connected, open V C U
For example, any constant sheaf, such as
Z:U— Z, U connected.

is locally constant. Another example is the sheaf of sections of a non-trivial Z /2-torsor on a
non-orientable manifold. Locally free sheaves are a non-example, except in trivial cases, since
their sets of sections always grow upon restriction to subsets.
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Definition 7.2 (Weakly constructible sheaf). Let X be a variety over k. Then a sheaf of sets
F on X(C) with the Euclidean topology is weakly constructible if there exists a stratification

of X
X:HXZ-

by locally closed subvarieties X; C X such that every restriction to a cell, Fx,c), is locally
constant. A stratification is decomposition into locally closed subvarieties called cells such that
the closure of every cell is a union of cells, i.e., X; = Uy ~x, X;.

For example, let X = A' with the stratification X, = {0}, X; = {y? = 2% — 2 — 1} \ X, and
X, = A"\ (X; U Xp). Then

0, i=0
Flx, =< Z/2, i=1
Z/3, i=2

Definition 7.3 (Canonical exact sequence). Given a topological space X, an open subset j :
U — X, and its closed compliment 7 : Y < X, then there is a functorial association of sheaves
of abelian groups F on X to their corresponding canonical exact sequences,

0= jj"F—>F =i, F—0
where the first non-trivial morphism is the counit of the adjunction j - j* and the second
non-trivial morphism is the unit of the adjunction * 4 i,.
Remark 7.4. We will sometimes use the notation
Fu = jj°F
Fy = i, 4" F
7.3. Basic lemmas.

Lemma 7.5. Let X be an affine variety over k and Z C X a closed subvariety such that
dim Z < dim X =: n. Then there exists an intermediary closed subvariety Y such that X D
Y DO Z dimY <dim X and

Hi

sing

xeve.@={ g ="

Example 7.6. If k is algebraically closed, the result follows from the Lefschetz hyperplane theo-
rem. Let X be an affine variety over k, realized as a quasiprojective variety by

X — A" — Py
Let X be the closure of X in P" and H := P}’ \ A}". Let H' C P™ be the a hyperplane which
intersects both X and X \ X transversely. Define Y to be the hyperplane section,
Y. =XnNnH.
Then the Lefschetz hyperplane theorem implies that
H,(X,Y)=0, i#n.

Inductively repeating this construction, one can form a complex for X.
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The proof of [.3 follows immediately from a second lemma:

Lemma 7.7. Let X be an affine variety over k of dimension n, and F be a weakly constructible
sheaf on X. Then there exists a closed subvariety i : Y — X with open compliment j : U — X
such that dim Y < dim X and

i ~ @Zzl Fx;s L=n
H(X’fU)—{o, i#n
Proof. Proof of the basic lemma. Assume we have proved [[.7l We have a closed Z C X, and

we need a Y with the properties stated above. Define the sheaf F' = Z y ;) on X. It is weakly
constructible
Q 0

X = X\ Z 112
The lemma [7.7] supplies a closed subvariety V' C X. Define Y := VU Z. Then Y D Z and
dim Y < n. But
(Q(X\Z))(X\V) - Q(x\y)'
where the notation uses the convention [7.4. Thus

i ~ I7i ~ | Z, L=n
using the isomorphism between singular cohomology and sheaf cohomology stated at the end of
the lecture on sheaf cohomology. O

Before proving the second lemma, we need two new concepts.

Definition 7.8 (Leray spectral sequence). For any morphism of ringed spaces 7 : X — Y and
sheaf F on X, there are higher direct image sheaves { Rim,F | ¢ > 0} defined by pushing forward
an injective resolution of F by m, and then taking homology sheaves of the resulting inexact
complex. They serve as coefficients for the Leray spectral sequence

HP(Y, Rt F) = HPT(X, F), p,q>0.
Definition 7.9 (Variation on proper base change). If 7 : X — Y is a proper morphism between
ringed spaces, then for any sheaf F on X, the natural maps,

(RimF)y = H(7"(y), Fle-1(y));

are isomorphisms for any y € Y and ¢ > 0.

Proposition 7.10 (Variation). Let f : P — @Q be a continuous map between locally compact,
locally contractible topological spaces which is a fiber bundle and let F be a sheaf on P. Assume
A C P is a closed subset such that

(a) Flp\a is locally constant, and
(b) fla: A — Q is proper.
Then
(R F)y — HUY (7 (), Fla-1(a))
for all x € QQ and all ¢ > 0.
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Proof. The statement is local, so we may assume that P =T x Q, p=pry : T x ) — @ and
A C K x @ for some compact subset K C T. We may replace A by K x ). Shrinking @)
further, we may assume F|\ gy X @ is a pull-back of a local system on 7"\ K. Now consider

0— -F|(T\K)><Q - F = -FKXQ —0

The result hold for F|mxyxg and F|gxqg by the Kiinneth formula and proper base change
respectively, so it also holds for F. O

Proof. Proof of second lemma.

(1) First, using Noether normalization, we let 7 : X — A" be a finite morphism. We may
reduce to the case X = A" by the following claim.

Claim 7.11. The sheaf m,F on A" is weakly constructible.

Generally, for any finite surjective morphisms 7 : X — X', m x F is weakly con-
structibel if F is. By induction on dim X', there exists a closed subset Y/ C X’ with
dim Y’ < dim X'’ such that

Ty : X\ 7N (Y) = X\ Y
is a covering. Then (7,.F)x\y and (7, F)y are both weakly constructible, so

0— (7'('*]:))(\)/ — 7T*JT" — (71‘*]:))/

is exact.
(2) Now induct on n. Let F be weakly constructible on A". By replacing F by some Fy,
we can assume that there exist f € k[x, ..., z,] such that F|p(y is locally constant. We

may therefore assume that F|ps) is a local system and F|y (s = 0. After a change of
coordinates, we may assume f has no multiple factrs. We may write f in the form

f=af ol v o+ fr fi €[, m]
Let p: A" — A™! be the projection p : (x1,...,2,) = (T1,. .., Tn 1)
(3) By variation of proper base change,
(R'pF)y — HU(m*(x), Flr1(z))
is an isomorphism for any x. It follows that RPp,F =0 if ¢ # 0,1. Also
(p.F). = H(A' H)
for some local system H extended by 0 on a proper open subset of A'. Hence H°(A, H) =
0. So R%p,F = 0. The Leray spectral sequence implies that
H'(A", F) = H" (A" R't,F).

Claim 7.12. The sheaf R'p,F is weakly constructible.

Recall that F| p(y) is locally constant. By[3] the stalk of R'p,F at a point is HIY(A", Fl 1),
where F 41 is locally constant outside a finite set of points S C A'(C). In the complex
analytic space A'(C), let T be a tredd with vertices exactly at the points of S. Note that

8A tree is a graph with no cycles. In our case, we assume the tree is embedded such that the edges are
diffeomorphic to the unit interval [0, 1].
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A"\ S deformation retracts onto 7. Then the isomorphism of sheaf cohomology of locally
constant sheaves with singular cohomology, together with the homotopy invariance of
singular cohomology, gives

H'(ALF) = Hy,(A(C),S,Q)
H,o(T, S, Q)
~ HYT,Fl|r).
Covering T" with the open cover formed by the stars of each vertex,
{U, | Yv € vertices(T),U, := v U (Ues,€) },

where the union joins the interiors e of edges containing the vertex v. The spectral
sequence for this covering implies that

HY T, FIT) = ®cFpe)
where p(e) is the center point of the edge e, and we have used the fact that an edge
deformation retracts onto its center point, so H%(e, F|e) = F, ). This proves the claim.
(5) Applying the induction hypothesis, we assume the lemma holds for R'p,F on A" '. We
get a closed subvariety Z < A"~! with open compliment V' < A"~! such that

H/(A" (R'p.F)v) =0, Yj#0,1

I

Claim 7.13. There is an isomorphism of sheaves on A",
Rip.(Fyp-1vy) = (RIpF)v

Consider the exact sequence
0— fp—l(v) - F = F
The last two terms of the sequence satisfy the hypothesis of the variation of proper

base change, so they satisfy its conclusion. For that reason, F|,-1(y) also satisfies the
conclusions of the lemma, i.e.,

(R'pFprv))e = HI(p™ (@), Fpr(v) lp-1(a))

A™\p~1(V)

_ H(p~!(x), Flp-1()), reV
B 0, otherwise
= (Rqﬂ-*f)\/‘x-

This proves the claim.
Finally, from the claim, it follows that

H'(A", Fyiny) = HH A" R'p(Fpr))) = H A (R'puF)v) = 0.

8. TANNAKIAN CATEGORIES

Claudia Scheimbauer and Andrin Schmidt on the 16th of July, 2011.
Let the field £k be fixed.
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8.1. Affine group schemes and the category of representations.
Definition 8.1 (Affine group scheme). Affine group scheme over k is a scheme G = Spec A for
a k-algebra A, and three morphisms
m:GxG — G
€:Speck — G
i:G — G
which satisfy diagrams of associativity, identity, inverse, and their compatibility. Alternatively,
an affine group scheme over k is a functor
F : Alg, — Gp

such that the composition with forgetful functor to sets is representable.

Recall the equivalence of categories
Alg, — Affy
Definition 8.2 (Hopf algebra). A commutative Hopf algebra A is the dual of an affine group
scheme over k, i.e., a k-algebra A
A:A - ARA
€e:A — k
1A — A
Let R be a k-algebra and G(R) = Homg (A, R). Then the functor
F¢: R — Hom(A, R)
is a group with the operation

A— A0 A ReR——R, ¢,9 ¢ Hom(A,R)

Definition 8.3. An algebraic group over k is the dual under Spec of a finitely generated
commutative Hopf algebra.

Theorem 8.4. FEvery commutative Hopf algebra is a direct limit of finitely generated Hopf
algebras. FEvery affine group scheme is an inverse limit of algebraic groups.
Example 8.5. Let A = k[T, T~'] be the Hopf algebra with operations

T — T®T

T — 1

T — T7!
Then

Fo(R) = Homy(k[T, T7", R) = R*

Definition 8.6 (Representation of affine group scheme). Let G = Spec A be an affine group
scheme. A representation of G is a pair (V, 1), where V is a k-vector space and 7: V — ARV
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is a k-linear morphism such that
.

v

ARV

N
kV =V
and

174 T - AQV

k Jor

A®V—A®>1A®A®V

Definition 8.7. A morphism between representations f : (Vi, 1) — (Va, 72)

Vi—> A9V

| e

Denote the category of finite dimensional representations by Repg

Proposition 8.8. The category Repy satisfies the following properties

(i) It is an abelian category.
(ii) It is monoidal with identity 1 : k — k ® k.
(iii) The functor

Rep; — Hom(Rep,; ® X,Y)
XY®Y +— Hom(X,Y)

where the dual is XV := Hom(X, 1).
(iv)

(v)

End(1) = k

w : Rep, — Vecty,
8.2. Neutral Tannakian categories.
Definition 8.9 (Tensor category). A tensor category (C,®) is a functor
R:CxC—C
together with an isomorphism
dxyvz: (XQY)®Z 5 X (Y ®Z)
natural in X, Y, and Z, and an identity functor

U = UU
T — URT

Definition 8.10 (Internal hom). The internal hom of a tensor category is
T — Hom(T ® X,Y)

1:

25
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Definition 8.11 (Dual object). An object X in a tensor category C' with internal hom’s is
dualizable if there exists an object XV such that

XV®Y — Hom(X,Y)
Definition 8.12 (Rigid category). A category is rigid if every object is dualizable.
Definition 8.13 (Netural Tannakian category). A neutral Tannakian category is a category C'
which is
(i) an abelian category

)
(ii) a tensor category
(iii) a rigid category
(iv)
End(1) = k
(v) The functor
w : C — Vecty,

is k-linear, faithful, exact and monoidal, i.e., compatible with the tensor product ®.
Ezample 8.14. Examples of neutral Tannakian categories include Rep, Vecty, and Vectkzﬁ
8.3. Tannaka duality.

Definition 8.15. Let (C, ®) be a tensor category, and w,n : C' — Vecty, two functors. Then

Alg, — Set
R +— Hom®(w,n)(R)

where Hom® denotes natural transformations which respect the tensor structure, as described
below.

Definition 8.16. An element of the set Hom®(w,n)(R) is of the form
ox : R®w(X) = Ren(X), XedC
such that for all f: X — Y, the diagram

Hom®(w, ) :

R®w(X)L®w—(f>)R®w(Y)

ox | l
Ren(X) — Ren(Y)

commutes,

R®w(l) == R®n(1)

R

R
and for all X|Y € C,

Oxgy = 0x ® 0y

9We denote by Vecth the category of Z-graded k-vector spaces.
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Theorem 8.17 (Tannaka’s Theorem). Let G be an affine group scheme over k, and w : Rep, —
Vecty. Then there is an isomorphism of functors

Fg — Aut®(w)
Let G = Spec A, and R be a k-algebra,
Fo(R) = Hom(A, R) — Aut®(w)(R)
& — o
Take (V,7) = X. Then
V—>A0V--RavV
implies
RV -">RoV

Theorem 8.18. Let C' be a netural Tannakian category over k with fiber functor C' = Repg
and G represents the functor Aut®(w). This induces an equivalence of categories

(Category of algebraic group schemes) — (Category of Tannakian categories)
Ezxample 8.19. The category Vect, corresponds to the trivial group scheme Spec k.

Ezample 8.20. The category Vect? corresponds to the multiplicative group G,,.
Aut®(w)(R) ¢ G,(R) 2 R*

and
k —f> wo ,
k(f) —— wo
where
O-w|w[0} =1.
Also,
k(1] — w1
kL—— w1
where

Oplw, = € K"
for some « fixed for o.

9. NORI'S DIAGRAM CATEGORY

Jonas von Wangenheim on the 16th of July, 2011.

Definition 9.1 (Diagram). A diagram D is an oriented graph, i.e., it consists of a set of objects
(vertices) and for all p,q € D, a set of morphisms (edges) D(p, q).
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Example 9.2. Any small category is a diagram, i.e., a category whose objects form a set and
whose Hom’s always form sets. It has a rule for composing morphisms which is superfluous to
the diagram structure.

Definition 9.3 (Morphism of diagrams). A morphism F : D — D’ between diagrams D and
D’ consists of a function F' : D — D on objects and, for all p,q € D, a function on morphisms
D(p,q) = D'(F(p), F(q)).

If D’ is a category, we call this map a representation of D.

Theorem 9.4. Let D be a diagram and
T : D — Vect,,

a representation of D in finite dimensional k-vector spaces. Then there is a k-linear abelian
category C(T), called the diagram category, such that T factors through a representation T':

D T Vecty,

N o

O(T)

where f fr is a faithful k-linear functor.
Furthermore, for every k-linear abelian category A with such factorizations, there exists a
k-linear faithful functor unique up to isomorphism.

S

D —= Vect,,

N

O(T)

Then C(T') arises as the category of finitely generated comodules over a certain coalgebra A(D,T)).

Proof. (Sketch) Step one. Assume D has finitely many objects. Then every p € D corresponds
to a k-vector space T}, and
] End(z;,)

peD
is a k-algebra with subalgebra
Ta
p— 1
End(T):=<c€ H End(7T, Vp,q € D,a € D(p,q), epl lTa
eD
P T, —T,
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Form C(T') = End(7") — modules. Then
End(T) x T, — T,
((Cplpep,m) = ep(m)

is well-defined left-action on T, making 7, into an End(7")-module. All T}, become End(T)-
linear, and

D — C(T) —'T Vect,

p = 1, > T,
Let V' be a k-vector space, and A a k-algebra. Define AY = Hom(A, R). There is a canonical
bijection between A-module structures and AY-coalgebra structures on the dual coalgebra AV.

Hom(A ® V,V) =2 Hom(V, Hom(A4,V)) = Hom(V,V @ A)
Thus
(Category of End(T)-modules) = (Category of End(T")¥-modules).
Define
A(D,T) := End(T)"
We obtain the factorization
D—— End(T)V—ComoéfT—> Vecty,
Step two. Now let D be arbitrary.

T:D — Vect,

Ty FF — Vecty
Consider finite subsets F' C F' C D.

HF’eD End(TP> - HFeD End(Tp)

T T

End(T) End(Tr)

induces a functor from End(7r)-modules to End(7Ts )-modules. Define
C(T):= lim End(Tr)-Mod = lim(End(7F)"-Comod) = (lim End(7F)")-Comod.

FCD finite
This is an abelian category. O

Theorem 9.5. Let A be an abelian k-linear category, and T : A — Vecty, a faithful, k-linear,
exact representation. Then the diagram category C(T) satisfies

A T Vecty,
N
C(T)

and T is an equivalence of category.
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Proof. Let’s consider A in the case there is a k-linear, exact, faithful functor such that

A——=C(95)

AN

Vect,,

\V

We will construct a functor C(7') — C(S) that makes the above diagram commutes. Then
A ;

T I

End(T End(S)-Mod

S~

Vect,,

F

and also,
[T,ea End(Sy) —= 1, cim » End(Sy) — [[,cp End(S o F)
which restricts to
End(S) — End(S o F) = End(T)
and induces an equivalence between End(7)-Mod and End(S)-Mod.
Note 9.6. The most important part for further talks is probably the method of computing C(7T').

Consider
T A — C(T)
" (p) = (F) — End(Tr)-Mod = End(T},y)-Mod
where p = @, crp;.
Without loss of generality, assume A = (p). We want to show that A — End(T{,)-Mod is
an equivalence of categories.

End(T)-Mod — A -1 Vect,
M= K" — Hom(M,p)=p* +— Hom(M,T,)

The second map comes from the following consideration.

MN >N
l l = (AT pt = p™) s (AT T - T
Km i> K™
Then
of : Hom(N,T,) — Hom(M,T,)
and

oA : Hom(K",T,) — Hom(K™,T,)
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This allows us to define I'. But I' may be defined more generally for R-modules.

T A — R—Mod
" Hom(Z},,p) — Hom(T},,T,)

Then
. Hom(T,,7,) — @i, Homy(T,, 1))
. ¢ = (Tai © ¢ - ¢ © Taz‘)znzl
Then
ker g = End(T)
Furthermore,
- Hom(T,,p) — @ Hom(T}, p)
g: u — (gou—wuoT,,)
Then ker g is a preimage of End(7") under T'. O

10. MULTIPLICATIVE STRUCTURE OF DIAGRAMS AND THEIR LOCALIZATION

Martin Gallauer on the 16th of July, 2011.
Recall the situation of the previous talk

C(T)

7 fft

D - R-Mod

We would like to put a tensor structure on the category C(T'), the category of finitely generated
R-modules, which has an A(T')-comodule structure, where A(T) = End(T")".

10.1. Let D be a diagram, p € D an object, and 1, a unit.

Definition 10.1. A grading on D given by || : D — Z,p — |p|. If D; and D, are graded,
then their product Dy x Dy is graded by (f,g) — | f| + |g|-

Definition 10.2.
E(Dy x D) ={1 xala € E(Dy)}U{a x 1|la € E(D;)}

Definition 10.3. Let D be a graded diagram. Then a commutative product structure on D is
a function
Xx:DxD—D

be a graded (degree 0) diagram map together with edges
apg fxg — gxf
Brgn:[x(gxh) = (fxg)xh

Since these are edges, there is no compatibility diagrams. Note this is slightly more precise than
the preprint, where they assume there are strict equalities f x g = g x f and f X (g X h) =

(f xg) xh.
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Let D be a graded diagram with a commutative product structure, and A, a graded commu-
tative representation of D in R—free@,

T :D — R-free
together with isomorphisms
Trg :T(f xg9) — T(f)®T(g9), VfgeD
such that
(1)
T(f xg9)==T()®T(g)

lT(af,g) v l(_l)fg
T(gx f) —==T(g9) @T(f)

(2) For all (y: f — f') € D(f, ") and for all vertices g € D, we require that the following

diagram commutes
T(ax1)

T(f xg) T(f xg)

T‘f’gl le{

T(f)®eT(g) —=T(f)@T(g)

T(a)®1

and that a similar diagram for 1 X a commutes.
(3) The diagram

T(f x (g % h) —2220 - ((f x g) x h)

T(f)®T(gxh) T(fx)@T(h)

T(f) @ (T(g)©T(h) — (T(f)®T(9)) @ T(h)

commutes.

Proposition 10.4. Let D be a diagram and T a representation of it in R-Mod. Then A(T) is
naturally a

Proof. There is an R-linear morphism
A(T) x A(T) — A(T)
But limp A(T|F) = A(T), so imp(A(T|F) x A(T|F)) = A(T) x A(T), so it suffices to show
A(T|F)® A(T|F) — A(T|F")
is R-linear. Then

End(T|F') — End(T'|F) ® End(T'|F)

10We denote the category of free R-modules by R-free.
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with F' D {f x g|f,g € F}. But

End(7|F) @ End(T|F) ¢ [ End(T(f)) @ [] End(T(g))
f

1%

H End(T(f)) ® End(T'(g))
H End(T T(9))

HEnd (f xg)) 3 (arxg)syg

1%

12

The rest of the verification is ommitted. O

Corollary 10.5. Let D be a diagram, and T' a representation of it in R-Mod. Then C(T) is a
tensor category with unit R, and f fr : C(T) — R-Mod is a tensor functor.
Proof. Let X, Y € C(T). Then
XY > (AN X)) (AT Y)Z2(AT)RAT) @ (XRY) = AT)®(X®Y).
O

10.2. Localization of Nori’s diagram category. We begin with a few definitions, and then
discuss the main theorem.

Definition 10.6 (Localized diagram). Let D¢// be a graded diagram, fy € D and ng = |fy| € Z.
Then
C(T)et

Deff R-free

Teff

The localized diagram D of D®// with respect to f, is defined by
{symbols f(n) | f € D,n € Z}
D(f,g9) = {symbols a(n) | a € DY (f,g).n € Z} U{(f x fo)(n) = f(n+1)}
It is a graded diagram with the grading
[f()] = |F17 4+ ng
and has product structure

f(n) x g(m) :== (f x g)(n+m).
We assume that
o T¢/7(fy) is a rank one module.
® 2|n0

We call this localization, since the endofunctor
— T (fo) : C(TT) = C(T7)

satisfies a universal property?
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Lemma 10.7. The functor T¢/ extends uniquely to T : D — R-free such that

T(f(n)) =T (f) @ T (fo)*"
Proof. Ommitted, because it is clear enough. O

Proposition 10.8. Let D/, T, and f, be as above. Then

(1) The category C(T) is the localization of C(T/T) with respect to T/ (fy).
(2) The category A(T) is the localization of A(T7) with respect to x € A(T*/T), where

AT |5) 2 End(T(fo)) «— End(T(fy))
x «— 1

11. NORI’S RIGIDITY CRITERION
Thomas Preu on the 18th of July, 2011.

11.1. Let R =k be a field of characteristic 0.

Theorem 11.1 (Tannaka duality). Let (C,w) be a neutral k-Tannakian category, then there is
an affine group scheme G such that (C,w) is equivalent to (Repg, ). Conversely, if G is an
affine k-group shceme, then (Repg, F') is a neutral k-Tannakian category. [Szamuely, 6.5]

Remark 11.2. In the theorem above, G is algebraic if and only if C' = (X >®7rigid for some
X € C. [Milne, Deligne, LNM 900, Prop 2.20]

Remark 11.3. If one drops rigidity from the definition of a neutral Tannakina category, then the
above proposition holds, with affine group scheme replaced with k-monoid scheme M in place

of GG.

Lemma 11.4. Let G be an affine algebraic group over k and M C G a closed, affine algebraic
submonoid. Then M 1is a fortiori an affine algebraic group over k.

Proof. We would like to show that

GG
2nv|Mj\
M--~1

where inv is the inverse morphism. So we base change to the algebraic closure k, because this
a purely topological property.

Over k, we may work wiht k-rational points instead of the group scheme, since we are proving
a topological property. We must show that for any g € M (k) = M7 gleM (k). Since M (k)
is a monoid,

g-M(k)c M(k)
Inductively applying g~' € G(k) to both sides, we arrive at a sequence

o g"M(E) C ¢ M) C - M(E)

HThis means the minimal rigid, tensor, abelian category generated by X.
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Then Z-closed subsets of a noetherian affine scheme, so it stabilizers, i.e., there exists ann € N
such that

Multiplying by (g~")®™+1) gives

U

Definition 11.5 (Neutral Tannakian category except for rigidity). Let V € C. Then we say
that V' admits a perfect duality if there is a morphism ¢ : V ® V' — 1 such that T'(¢) is a
non-degenerate bilinear pairing over k.

Lemma 11.6. Let V € C be a generator, i.e., C = (V). If V admits a perfect duality
pairing, then C' is rigid.

Proof. Tannakian duality says that the dual of V' is an affine monoid scheme M over k. Trans-
lating this to Hopf algebras, we have a bi-algebra A such that Spec A = M. By [I1.4] it suffices
to give a closed immersion of M into an affine algebraic group, because then M must be an
affine algebraic group over k and by Tannaka duality, C' must be rigid.
Equivalently, we may find a finitely generated Hopf algebra A with a surjection 4 —= A .
We know that A = lim A,,, where A, is the associated coalgebra to the abelian category

C, = (1,V,ve2 . ven\Hd Thus
By Endy (T(V))Y —> 4, .
Taking union and the colimit of both sides transforms this to
s: @i Endy(T(V)®)Y —= A .
Then A has a commutative algebra structure via
s s*End,(T(V)Y) —= A .

Now we use the perfect pairing. Since T'(q) is represented as the invertible matrix ®, it commutes
with the elements of A, i.e., if X in the image of End(7'(V))" under s, then representing X as
a matrix,

d=X"PX.
Since ® is invertible, so is X. This means s’ factors via

(Hopf algebra associated to GL(V)) —= A .

O

Proposition 11.7. Let C' be a neutral Tannakian category except for rigidity, and T : C' —
Vecty the fiber functor. Assume the set V.= {V; |i € I} C C satisfies the following conditions.

(1) C is generated as a tensor abelian category by V.
(2) For every V€ V| there is a W; € C such that there exists a q; : V; ® Wy — 1 such that

T(q) : T(V}) © T(W:) — k.

12This notation means the minimal tensor abelian category containing V.
13This notation means the smallest abliean subcategory of C' containing the listed objects.
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Then C' is rigid.

Proof. Step 1. Replace V; and W; by V! := V; @ W, then V/ has the property that this is a
perfect duality pairing

g VioVi—1
Explicitly, ¢/ is T" applied to multiplication by the matrix

0
g 0 )’
where ¢; = W; @ V; = V; ® W; — 1. (Generation property obtained by replacing V by

(Vi,..., V).
Step 2. Write C' = Ujcr,7<00(Vj | 7 € J)o and use the construction with lim. Then apply

116 O
Remark 11.8. This works also with only a dual pairing,

1 = VeV

1 = V,eoW.

Question 11.9. Why does (X)g exist? In particular, we probably need to know that the inter-
section of two tensor abelian categories is a tensor abelian category.

Question 11.10. If there are two abelian subcategories C', Cy of C, is the intersection €1 NC5 an
abelian category? It’s not, for trivial reasons, i.e., the intersection of two disjoint zero categories
is the empty category, which is not abelian. But if the inclusions are exact and full functors, is
their intersection an abelian category?

Section 8.6 of Categories and Sheaves by Kashiwara and Schapira might be a useful reference
for answering this question.

12. PAIRS OF REPRESENTATIONS
Minxi Wang and Lars Kiithne on the 18th of July, 2011.
12.1. Let D be a commutative, graded diagram with a product structure x : D x D — D, and
Ty, T5 : D — Vectg
two vector spaces.
Ezample 12.1. For example, D = C(T), Nori’s diagram category, and T := Hjp and Ty := HJ;, .
Definition 12.2 (A;2). In the above situation, A; o, let F' C D be a finite subdiagram. Then

ar

T(f)Ti(m) —Ta(f)
Hom (1. Tlr) = § [[(a) € [[ Hom(Tu(n). o) || | W(f = 7)€ Dl
feF feF Tl(.f/) o Tg(f/)

Then F} C F, gives a natural map
Hom(T\|r,, Ta|r,) — Hom(Th|p,, T2|r,)
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and hence a map

HOIH(T1|F1, T2‘F2)v — HOIH(T1|F1, T2|F2)v
Define

A172 = colimFHom(T1 |F> T2 |F)V
There is a natural map
EIId(Tl |F) X HOIIl(Tl |F, T2|F) — Hom(Tl |F> T2|F)
giving a natural map
HOIIl(Tl |F, T2|F))v — EIId(Tl |F) X HOIIl(Tl |F, T2|F)
and inducing
A1 — A1 ® Ao
Similarly, there is a map
Hom (1|, To|pr) — Hom(Ti|p, Tz|r) ® Hom(T1|p, T2|r)
a= 1] (ap) € [ Hom(T:(f), To(f)) = plr(a)
f’EF’ f’EF’
giving a map
HOIIl(Tl |F, T2|F)V & HOIIl(Tl |F, T2|F)V — HOIII(T1|F/, T2|F/)V.
and inducing
o A1,2 X A1,2 — A1,27

as follows: Choose F’ such that F' x F' C F’. Then for all f,g € F,

Ti(f x g) —22>Ty(f x g)

Ti(f) @ Ti(g) Wg)Tz(f) ® Ts(g)

So A; 5 is an algebra.

Definition 12.3 (P, 2). Let P2 be the Q-vector space
((p,w,7) € D x Ti(p) x Ta(p)")q /relations
where the relations are given by
(pya-w,B-7)+ (p,o -w, ) = (
(p,w,7) + (p,w',v) = (
(psw, To(m )() = (0
) (

(p,w,7) x (p/,w', v

(a+a)w, (B+6')7)
w~+w,y+7)

P, Ti(m)(w),v),  ¥(m:p—=p)eDweTi(p)yeTap)
pxp,wxw,yxy)

b,
b,

Then
P172 = COhmFP172(p|F)
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There is a morphism
Py — A1,2
Yl Pialr — Aislp, I C D finite

Consider
> per T1(p) @ Ta(p)Y P 5|

. -

> per Hom(T1(p), To(p))” — Ajs|p
For all w € T1(p) and for all v € T5(v')". Then
o) T1(f) = Ta(f)é(p) = 0
implies, through an ommitted chain of reasoning, that
(mo)(Ti(f)(w) ® 7 —w @ Ta(f)" (7)) = 0.
Theorem 12.4. Let k/Q be a field extension such that
(T @ k) — (T ® k), (as Q-vector spaces).

Then v : Pro — Ajs.

For example, the hypotheses are satisfied when 75 is singular cohomology, 77 is de Rham
cohomology, and k£ = C.

Proof. Spec K — Spec @ is faithfully flat. Then
YR K: (P1,2®K) — (A1,2®K)
Since 71 ® K =2 T, ® K, we may assume T := Ty = Tj, so that A := A;5, = A; = Ay and

P:= P, =P, = P,. As before, there is a commutative diagram

> per T(p) @ T(p)Y Plp

-

ZpEF HOIH(T(p), T(p)ﬂ)v - A|F

The remainder of the proof is ommitted. 0

Remark 12.5. Sergey Gorchinskey completed the proof as follows. Observe that
End(V) 2 End(V)" =2 (VY V) 2V VY,
and consider
End(V)® End(V) — &k
A® B — tr(A-B).

13. DIAGRAMS OF PAIRS

Utsav Choudhury on the 18th of July, 2011.
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Our goal will be a diagram of the form

D a Vectg

NS

o(D,T)

13.1. Three diagrams. We define three diagrams, D¢/, Df\fi and De//.
Definition 13.1 (D®//). The diagram D/ has vertices
{(X,Y,i) | X,Y Q-varieties,Y C X,i € Z},

and edges
f:(XLY'0) — (XY, 1), f: X=X fY)ycy'.

Definition 13.2 (D% ). The diagram D%/’ is the full sub-diagram of D*// with vertices
{(X,Y50) | V) #8, H (X(C),Y(C), Q) = 0}
Definition 13.3 (D). The diagram D¢/ is the full sub-diagram of D/ with vertices

{(X , Y, 1) | X is affine and { X s S?(Oit};coveéii Xdi<miX =1 }
It admits a norm
|- ]: Dje\foj;z - Z
(X,Y)i) — 1
and a product
(X,Y, 1) x (X, Vi) = (X x X X xY'UY x X' i+7)
By the Kiinneth formula,
H(X x X, XxY'UY x X')=0, jAI+1.
13.2. Localizing D5/ . Define fy := (G,,,{1},1) € D$J.. Then |fy| = 1. For every f €
Dy (X, Y.4), (XY, 1)),

)+ (X, Y,0) () e (X7, Y7, i) ()
Then
(X X G, X x {1} UY X Gppyi+1)(n) = (X,Y,i)(n+1)
Then

H}., DY — Vectq
(X,Y,i) = Hyo(X(0),Y(C),Q)
is a graded representation,

sing
By the Kiinneth formula, H sing

H(X(C),Y(C),Q)® H'(X'(C),Y'(C),Q) = H (X x X')(C),X xY'UY x X', Q)

M Apologies to Nori for this notation.
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We can extend it to
H DNori — VectQ

sing *
by noticing that
* . o ) 1 n
Hszng(X7 Y? Z)(n) =H (X7 Y? Q ® H (Gm{l})®

Secondly, we can define
Hip: DY — Vectg
(X,Y,i) — Hip(X,Y0

We can show this can be extended in the same way by the Kiinneth formula, giving a graded
representation.
Using the same construction as the lecture on Saturday, we can extend this to

*
sing

Dnori Vectg

\]Z”H:m T
i I

sing

C(DNOTi7 Hsing) = MMN
where M My is the tensor category of Nori’s mixed motives. Furthermore,

H*.

sing

\ /

(D]\}Z;Z, H*sing)

Df\fofr . Vectq .

*
Hsing

Dyori —= Vectg

dR

HGny(X(C),Y(C),Q) ® C = Hyp(X,Y)® C

sing

Then HE;,, gives ffur, —+ MMy — Vectq, which induces in turn
H;R : MMy — Vectq.

Lemma 13.4. If

T
D Vectq
Ty
C(D,Ty)

and
Tl ® C = T2 ® C7
then one can extend Ty to C(D,T}).
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Proof.
C(D,Ty)
D af Vectg

where g is faithful and exact and A the abelian @-linear category with objects
A= {(Vi,Va, 1)) | Vi, Vi Q-vector spaces, b : V3 © C — Vs ® C}

and morphisms (¢1, ¢2) : (V1,Va,¥) — (V{,V3,¢') given by ¢ : Vi — V] and ¢, : Vo — V5 such
that

VioC >V, oC
¢1®Cl \L¢2®C
%®077W®C

There exists a functor

A

I (T3(0). To(p). P(p))
where P is the period isomorphism, and a projection

D —
p
pri : A — Vectg
Define _

f=(C(D,T1) - A —=P" Vectg
13.3. Formal periods and period numbers.
H:,  Hig: DY — Vectg

sing’
Define the Q-vector space
Pisi= {(0,0,7) : p € DY, w € Din(p) = Hin(X,Y),7 € (Hipny (@) = (o (X(C), Y(C), @)}/ (relation
where the relations are given by

(1) linearity in w and =y

(2) forall f:p—p/, p,p € D/ and all v € Hy, (p) and all w € Hjp(p)

(P, Hin(f)(w), ) = (p,w, Hg o (f) (7))

Definition 13.5 (Evaluation morphism). The evaluation morphism is

P, — C
(p,w,vy) fﬁ/ w
Definition 13.6 (Period numbers). The period numbers are the image of the map
Hip x Hi — C

€ev :
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14. YOGA OF DIAGRAMS

Sergey Rybakov on the 19th of July, 2011.

Definition 14.1. The diagram D/ has

vertices: (X,Y,i), where X DY closed subvariety of Q-variety X, i € Z.
edges: [ : (X', Y’ i) = (X,Y,4), where f : X — Y’ and f(Y) C Y’. And for all chains
X DY D Z of closed subvarieties, there is an edge

(Y, Z,i) = (X,Y,i+1)
Definition 14.2. The diagram vafofnz is the full subdiagram of D/ with vertices (X, Y, ) such

that _
H/(X(C),Y(C),Q)=0, j#i

Definition 14.3. A subdiagram D/ with vertices (X, Y, ) such that X is affine and X \ Y is
smooth.

There is a multiplicative structure on D]e\fojz,l which induces a tensor structure on
C(DSI,, T) = MMy
Theorem 14.4. The natural functors
C(D, 1) — O(DYL,, T) — C(DT, T)

are equivalences.
Then C(D/,T) = C(D%/), and we define
A=C(DS T

Nori»
Proposition 14.5. Let T : DT — A. Then there is a contravariant, triangulated functor,
R:C*(Z[Var]) — D"(A)

where the morphisms of Z[Var| are of the form > «,f; for morphisms of varieties X; — Y;. It
is an additive category with disjoint union (properly defined—be careful about multiple connected
components) as the sum.

For all good pairs (X, Y1),
HWMhMY%X»:{%wajﬁ:
where Cone sets Y in degree -1 and X in degree 0.
Proof. Proof of theorem. The composition of functors
D — A — O(DT) — Vectq
implies that A — C(D%/) is an equivalence. The first functor has the form,
(X,Y,i) — H(R(X,Y)) € A,

where
R(X,Y) = R(Cone(Y — X)).
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For each X DY D Z, take a triangle in the derived category R(X,Y) — R(X,Z) — R(Y, Z).
That it is a triangle follows by general reasoning from the definition of R using cones. It has
connecting morphism,

§: H(R(Y,Z)) — HT(R(X,Y)).
O

In the remained of the talk, we will prove the proposition.

Definition 14.6 (Rigidified affine cover). A rigidified affine cover of X is an affine cover U =
{Ui}icr of X and for all closed points « € X, an index i(x) such that x € Uyy,).

Definition 14.7 (Morphism of rigidified affine covers). Given rigidified affine covers V = {V;};e,
of Y and U = {U, }ies of X is given by a morphism of varieties
f:X—=>Y
and a map
o1 —J
such that f(U;) C Vi), and for all x € X, ¢(i(z)) = j(f(x)).
Lemma 14.8. (1) Filtered system. Rigidified affine covers form a filtered system

(2) Functorialityof system. If f: X =Y andV is a rigidified affine cover of Y, then there
exists a rigidified affine cover U of X and a morphism U — V.

Definition 14.9 (Affine cover). Let X € C®(Z[Var]). And affine cover of X is a chain

X Xt

together with rigidified affine covers U,, of X,,, and morphisms U,, — U, for all f: X, —
Xm+1, where dm = Zalfl

Lemma 14.10. (1) Filtered System. The affine covers of any X € C*(Z[Var]) form a non-
empty filtered system.
(2) Functoriality of system. If f : X — Y is a morphism and V is an affine cover of Y,
then there exists an affine cover U of X and a morphism U — V.

Definition 14.11 (Cech complex). The Cech complex of a rigidified affine cover U = {U;}ie;
has chain groups of the form

cru)y = [ nioUy
o< <in
with differential, whose definition is ommitted.

Definition 14.12 (Cech complex). Given X € C*(Z[Var]), fix an affine cover U, of X. The
Cech complex of X is the total complex of the bicomplex C'~*(U;)

C*(U) € C°(Z[AfF])
In a previous lecture, we proved the following theorem.

Lemma 14.13 (Nori’s basic lemma). Let X C Z be affine varieties suc that Z is closed in X,
dim X =n and dim Z < n. Then there exists a closed subvariety Y C X such that X DY D Z
and (X,Y,n) is a very good pair.
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Corollary 14.14. (1) Ezistence. If X is affine, then X has a very good filtration
)=F . XCFRXCHhXC ---CF,X=X

such that (F; X, F;_1X,1) is a very good pair

(2) Filtered system. The very good filtrations on X form a filtered system.

(3) Functoriality of system. Given f: X — Y’ and a very good filtration F X, there exists
a very good filtration GY such that f(F;X) C Gi(Y).

Proof. (1) Let Z = SingX. Then dim Z < n. By Nori’s lemma, there is a Y D Z which
forms a very good pair with X. Define F,, 1 X =Y and proceed by induction to define
a very good filtration of X.

(2) Let F,.X and FX be very good filtrations. One can define a third very good filtration
to which the first two map. Its nth term is G, X = X. The rest of the terms are formed
inductively, beginning with Z = F,,_; X U F_, X, applying Nori’s lemma, and defining
Gp,1=Y.

(3) Let Z = f(F,,-1X). If dim Z < dim Y”, then define G,,.1Y' =Y and G,,Y’ = Y’. In the
case dim Z = dim Y’, use (Y, Y, n).

O

Lemma 14.15. If X, € C%(Z[Aff]), then there exists a very good filtration of X, and such
filtrations form a functorial filtered system.

Proof. Let R(F,X,) € C*(A) be of the form
o TR i X) = T X FX) =
and X, € C*(Z[Var]). Take an affine cover U of X,. Then define

R(X.) = R(F.C*(U)).

Proposition 14.16. '
H'(X(C),Q) = ffr(R(X))

Corollary 14.17.

R(F,C*(U))

?

R(F.C*(U))
This gives a map f : XY, and V — U. Then F,V, gives G U,, giving a map R(Y,) — R(X,).

15. RIGIDIFTY FOR NORI MOTIVES

Sergey Gorchinskiy on the 19th of July, 2011.
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15.1. Reminder.
Periods
Hp : DV = {effective pairs} — Vectg
(X,Y,i) = Hp(X,Y)
Tensor product The diagram vafofnz is composed of effective good pairs, i.e., where H/(X,Y) = 0 for
1.
Rigidity "7F}71ée diagram DT g composed of very good pairs, i.e., where X \ Y is smooth affine.

If you want to create some new world, it’s natural to create some new objects in the new
world. But category theory does it differently. We do not create no objects in the new category,
but use the original ones, and do not even create new morphisms, but restrict morphisms and
create a non-full subcategory.

(i) All three universal abelian categories corresponding to the above three diagrams coincide
in Vectg, giving MM/
(i) D7 . has a commutative group structure, implying that MM/ is tensor.
(iti) 1(=1) := Hg(Gm, {1},1). Localize MM by 1(—1) to get M My.
(iv) If f: X — Y is a mixed motive in M My such that Hg(f) is an isomorphism, then f is
an isomorphism.

There exists a covariant functor
R: C*(Z|Var]) — D"(MMy)
such that for every good pair (X, Y1),
R(YY = X) = (X,Y,1)[—]

where Y is in degree -1, X in degree 0.

Recall that the construction of R was in two steps. First take affine cover, then take the
filtration. If there are two varieties, there are two coverings, and we can take their product. One
can also take the product of the filtrations. This gives

R(X xY) = R(X)® R(Y)

There is also a morphism,
A" R(X)® R(X) = R(X),
where A is the diagonal morphism.

Definition 15.1. Define the Nori cohomology of X to be
Hy(X) := H(R(X)) € MMy.

Perhaps this should be called the Nori motive, in analogy with other motivic theories.

15.2. Nori motivic cycle classes.

15We will denote Betti cohomology by Hp.
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Lemma 15.2. There exists canonical isomorphisms
HY(V) = 1, V' connected

va’(Pd) ~ 1(—i), 0<i<d
Hiy,(PY = 0, else
H¥(X) =2 H¥X)=1(-d) X? smooth projective

Proof. All the time, use the property (iv) listed above. Construct a morphism in the mixed
category of Nori motives, and check this is an isomorphism of cohomology.
For the first isomorphism, consider V' — pt which induces

Hy(pt) — Hy(V)

For the second isomorphism, consider the case d = 1. Then P' = U; UUs,, where U; := P'\ {0}
and Up = P!\ {oo},s0 U; = A' for i = 1,2, and Hy(A') = 1. Furthermore, Ujy = G,,. Thus
the Cech complex is

R(Ul) S¥) R(Ug) —_— R(Ul N Ug)

1 1(—1)

0 1¢1 1
which gives HY(P') = 1 and Hi(P') =2 1(-1).
In the case d > 2, consider the finite morphism of degree m
T:P'x...x P' > p?
—_———

This induces
w*fm: Hyf(P?) = HF((P')?) 2 1(~d)
Then the linear map P’ — P? induces
HY(P?) = H(P")
For the last isomorphism, consider the finite morphism of degree m
X4~ Pt

It induces 7*/m on top degree cohomology. U

Proposition 15.3. Let Y C X be smooth projective variety, with Y closed in X. Let ¢ :=
codimyY. If0 # [Y] € H¥(X), then there exists a canonical mized motive 1(—c)[—2c] — R(X)
which induces [Y] - Q — H¥(X) after applying Hp.

Proof. Consider the pairing:
H(X) @ HY (X) — HY(X) = 1(~d)
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where ¢ := dim Y, d := dim X. By the projection formula for ¥ < X in Betti cohomology, we
get
K :=ker(Hy(X) = H¥ (X \Y)) ®im (H¥ (X)) 1(—e) — Hx¥(Y)) = 1(—d)
N— —

This pairing is perfect after taking Betti cohomology:
K~1(—d)@1(—e)' 2 1(%¢c) — HF(X)

Since the first nontrivial cohomology of Cone(R(X) — R(X \ Y))[—1] is in degree 2¢, « lifts
canonically to 1(—c)[2¢] — R(X). O

We want to show that all objects are dualizable. Then general plan is to show that R(X), for
X smooth and projective, generates the category of mixed motives. Any category generated by
dualizable objects, then every object is dualizable.

Definition 15.4. Let (C,®) be a commutative tensor category. Then an object X € C is
dualizable if there exists an object XV € C' and dualizing morphisms 1 — X ® X" — 1 such
that
Ix=X—=2XX"®X - X)
and
Iy =X"=> XXX — XY)

where the first equation comes from tensoring the dualizing morphism on the right by X, and
the second from tensoring on the left by XV.

Remark 15.5. Let X,Y be dualizable, and f : X — Y. Then f has a dual f¥ : YV — XV
defined by

VWY o XX —-Y' oY XY — XV.
Proposition 15.6. Let (A, ®) be an abelian category such that the tensor product ® is exact.
Let (f : X = Y) € D" A) be dualizable objects. Then C := cone(f) is dualizable, and CV :=

cone(f¥)[—1] such that

x—-y c X1

oV — xv Ly L ovpy

15.3. Rigidity.
Remark 15.7. Let X¢ be a smooth projective variety. Then R(X) is dualizable in D*(M My),
1(—d)[-2d] - R(X) ® R(X) = R(X) — 1(—d)[—2d]
where the first term is the motivic cycle classes of A : X — X x X.
If we show the following proposition,
Proposition 15.8. R(MMy) is triangulated by R(X) for X smooth projective.

then as a corollary, we will get rigidity, because you will get dualizing maps for the pure
motives. Note that
R(X)" = R(X)(d)[2d]
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Let D C X be a smooth divisor. Then duality from R(X) to R(D) induces
R(D)(=1)[-2] = R(X)
Let D = U;D; be the decomposition into prime divisors. Then
0— - =& ,;R(D;ND;)(—2)[—4] = ®R(D;)(—1)[-2] — R(X)
T = R(X\D)
Lemma 15.9. For all V C U, very good pair,
RV —-U)=Z R(X\ (DiNDy) = X\ Dy)
where X is smooth projective and D = Dy U Dy C X is a logarithmic divisor.

Proof. Take the projective closure of V' and U, desingularizing the boundary and V using Hi-
ronaka’s lemma . Then
Vi—U'> UV

proper l l proper

V——UD U\V
implies
RV —=-U)— R(V' = U")
O
Corollary 15.10. Nori’s category of mixed motives M My with & is rigid.
15.4. Corollaries of rigidity.
Corollary 15.11. (i) GivenY — X of codimension c, there is a morphism R(Y)(—c)[—2¢] —

R(X).
(ii) Let R.(U) := R(Y — X)), where X,Y are smooth projective and U = X \'Y is smooth.
(iii) R(UY)" = R.(U)(d)[2d]
The morphism 1 — R(U) ® R(U) can be constructed geometrically.

Question 15.12. Can one construct a mixed motive in (i) and (ii) geometrically, i.e., in terms of
morphisms between pairs?

Remark 15.13. Let T : D — Vecty. The mixed motives between p,q € D in C(D,T) can be
larger than in the additive closure of T'(D).

Ezample 15.14. Let D = {p}, and A be composed of the arrows of D. A forms a subalgebra of
Mat,«n (k). Let

T:D — Vect,
p — k"
Let
C(D,T) = Mod(Z(A))
where Z(A) is the centralizer of Z in Mat, x, (k). Then

Endepr)(p) = Z(Z(A)) 2 A
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Corollary 15.15. e Proper morphisms f Y — X between smooth varieties induce,
f. : RY)(¢)[2¢] = R(X)

where ¢ = dim X —dim Y.
Cycles on the product o € CHY™ V)(X x Y) of degree dim Y induce

a, t R(Y) = R(X)

There is a functor
{ Chow motives} — D"(M My)

There is a functor
{homological motives} — MMy
X = @ Hy(X)

The functor
DMsg,,(k) — D*(MMy)
is Al-equivariant, fiber, push-forward.

15.5. Torsors.
Corollary 15.16. Mized motives with Betti cohomology
Hg : MMy — VectQ

form a Tannakian category, and the correspondence Gy = Isom(Hp, Hg) is the Nori motivic
Galois group.

Remark 15.17. The functor Hp factors through Vect?(Q), inducing G,,, — G .
Recall that Isom®(Hp, Hyr) = Spec (P), for P the formal period algebra.
Hir : MMy — Vectg
Then Spec P is a torsor under GGp;. The isomorphism
C® Hyr 2C®Hp
induces Spec C' — Spec P.

Corollary 15.18. K-Z conjecture is equivalent to the conjecture that the image of the unique
point on Spec C' is the generic point of Spec P.

15.6. Conjecture. Now we will consider the three conjectures, and the form of their mutual
implications.

Conjecture 15.19. For all i, X, consider
C:=(Hy(X))g — MMy

The evaluation morphism

ev: Ppr—C
1s 1njective, where P pr is the formal periods of smooth projective varieties such that Spec Ppr =
Isom(Hyr|c, Hplc)

This splits into two conjectures, as discussed with Joseph Ayoub.
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Conjecture 15.20. For all smooth projective varieties X over Q,
(2my/( = D))" Hip(X) N HE(X) € C © HE(X)

are algebraic classes.

Conjecture 15.21.
Spec C C Spec Ppr
is a torsor under a subgroup of Isom(Hg|c, Hglc)-

Proposition 15.22. Conjecture 1 is equivalent to the conjunction of conjecture 2 and conjecture
3.

Remark 15.23. Fix X and i. Then (Hy(X))y = C(X,i) C MM,;. So Isom(Hg|cx,)) =
Gu(X,1).
The Hodge conjecture implies

Gy (X)) =2 {Mumford-Tate group of H'(X)}
The Tate conjecture implies that

Q, x Gy (X, 1) =" { Zariski closure of Gk H’,(X,i) }

15.7. Why motives? Realizations!
Hin(X)
Hy (X
Var;,, — b
’ Hp(X)
The cohomology theories map to rigid tensor abelian categories.
In all cohomological theories,

HA(P) = { Q(—i), 0<i<n

Realizations should be exact and faithful functors from M M}, to Hodge or Galois.
Consider the Chow groups. Let X be a smooth projective surface. Then

deg

CH?(X)y —= CH2(X)2—~ 7

and
T(X) —> CH*(X,) 2L Alb(X)

A slogan: homological equivalence between cycles reconstructs rational equivalence. This is
not strictly true, but an example illustrates its meaning.

Ezxample 15.24. Let X be a smooth projective curve. Then there is an exact sequence,
0—— J(X)—=CH'(X)=Pic(§f—~ 2 ——~0

which is isomorphic to
0— HY(X,C)/(F'+ H'(X,Z)) = Hom(1(—1), H*(X)) — Hom(1(—-1), H*(X)) = 0
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Conjecture 15.25 (Beilinson).
Hom(1(—i)[—2i], R(X)) = CH'(X)
for R(X) € DY(MMy). This holds in DMg,,(k), “implying” that there exists a filtration
FYCHIY(X) which is multiplicative, respects pull-back and push-forward, and such that F*CH (X)) =
CH' (X )nom-
This implies
(i) Bloch’s conjecture: For all smooth projective surfaces X,
HY(X,0%)=0=T(X)=0.
(ii) If « € CH?*(X x X) such that a ~ 0, then the action of the kernel of Veronese is 0:
0=(a:T(X) = T(X))
(iii) If H'(X) = 0, then there exists an N € N such that
> (=1, e CHM (XY x XV)

oESN
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