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ABSTRACT. In this paper, we study triples a, b and ¢ of distinct
positive integers such that ab + 1, ac+ 1 and bc + 1 are all three
members of the same binary recurrence sequence.
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1. INTRODUCTION

A Diophantine m-tuple is a set {ay, ..., a,} of positive integers such
that a;a; +1 is a perfect square (i.e. a square of a number in Z) for all
1 <74 < 7 < m. Finding such sets was already investigated by Diophan-
tus and he found the rational quadruple {1/16,33/16,68/16,105/16}.
The first quadruple in integers, the set {1,3,8,120}, was found by
Fermat. Infinitely many Diophantine quadruples are known and it is
conjectured that there is no Diophantine quintuple. This was almost
proved by Dujella [7], who showed that there can be at most finitely
many Diophantine quintuples and all of them are, at least in theory,
effectively computable. Several variants of this problem have been
studied in the past. For example, Bugeaud and Dujella [2], proved up-
per bounds for the size m of sets of positive integers with the property
that the product of any two distinct elements plus one is a perfect k-th
power for fixed k, namely m is bounded by 7 for k = 3, by 5 for k = 4,
by 4 for 5 < k < 176, and by 3 for k > 177. Another variant studied
previously is concerned with perfect powers instead of squares or k-th
powers for fixed k. The second author proved that the abc-conjecture
implies that the size of such sets is bounded by an absolute constant,
whereas unconditionally there are bounds depending on the largest el-
ement in the set (see [13] and the papers cited therein). For further
results on Diophantine m-tuples and its variants, we refer to [8].

In this paper, we treat another variant of this problem. Let r and
s be nonzero integers such that A = r? + 4s # 0. Let (u,)n>0 be a
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binary recurrence sequence of integers satisfying the recurrence
Upto = TUptq + Su, forall n >0.

It is well-known that if we write o and (3 for the two roots in C of
the characteristic equation x> — rx — s = 0, then there exist constants
7,6 € IK = Q[a] such that

(1) Up = ya' 4+ 08"

holds for all n > 0. We shall assume in what follows that the sequence
(tn)n>0 is nondegenerate, which means that v0 # 0 and o/ is not root
of unity. We shall also make the convention that || > |3]. Note that
la| > 1.

Here, we look for Diophantine triples with values in the set U =
{u, : n > 0}, namely sets of three distinct positive integers {a,b, c},
such that ab+1, ac+1, be+1 are all in Y. Clearly, there are always such
pairs ase.g. {1,u,—1}. Note that if u,, = 2"+1 for all n > 0, then there
are infinitely many such triples (namely, take a,b, c to be any distinct
powers of two); in this situation, we can even get arbitrarily large sets
{a1, ..., ap} with the property that a;a; +1 € U forall 1 <i < j <m.
Our main result is that the above example is representative for the
sequences (U, ),>o with real roots for which there exist infinitely many
Diophantine triples with values in U4. More precisely we prove the
following.

Theorem 1. Assume that (un)n>o0 1S a nondegenerate binary recur-
rence sequence with A > 0 such that there exist infinitely many sex-
tuples of nonnegative integers (a,b,c;x,y,z) with 1 < a < b < ¢ such
that

(2) ab+ 1= u,, ac+1=u,, be+1=u,.

Then p € {£1},6 € {£1}, a,v € Z. Furthermore, for all but finitely
many of the sextuples (a,b,c;x,y,2) as above one has §3* = §pY = 1
and one of the following holds:

(i) 08" = 1. In this case, one of v or ya is a perfect square;
(ii) 08" = —1. In this case, x € {0,1}.

Theorem 1, of course, implies that there are only finitely many triples
of positive integers such that the product of any two plus one is in U,
except in the cases described (and these cases really occur as we saw
above). We mention that the problem can be reformulated as a Dio-
phantine equation of polynomial-exponential type with three indepen-
dent exponential variables and three additional polynomial variables,
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namely
(ab+1—uy)*+ (ac+1—uy)*+ (be+1—wu,)* =0.

It is well-known that the Subspace theorem is a powerful tool for such
problems, e.g. it was also used to classify the solutions to the equation
Auy, + Buy+Cu, = 0 for fixed A, B,C € Z in [17] (see [18] for a survey
on such equations). A new development in applying the Subspace
theorem was startet by Corvaja and Zannier (see [22, 23, 10]), and
their techniques will also be used in our proof (especially we use [6, 11]
and [5]). We could not prove any finiteness result for the case when
A < 0, the reason being that in this case there is no dominant root in
the polynomial-exponential Diophantine equation, which is the main
restriction in applying the Subspace theorem with these techniques at
present.

For example, it follows for the particular case of the Fibonacci se-
quence (F,)n>0, given by (r,s) = (1,1), Fy = 0 and F; = 1, that there
are at most finitely many triples of positive integers such the product
of any two plus one is a Fibonacci number F,,. In the subsequent paper
[16] the second and third author show that there is in fact no triple of
distinct positive integers a, b and c such that ab+ 1, ac+ 1 and bc+ 1
are all three Fibonacci numbers.

2. A BIRD’S-EYE-VIEW OF THE PROOF

For the convenience of the reader we will give an overview of the
proof of the theorem, since the proof is rather long and becomes more
and more technical towards the end. We mention that throughout the
paper the symbols o, O, ~, <, >, =<, are used with their usual meaning.

Since A > 0, it follows that |a| > |5]. We shall show that one
may assume that both o and 7 are positive. We assume that we have
infinitely many solutions (a, b, ¢; z,y, z) to equation (2). Then z — oo,
r <y < zif z is sufficiently large, and ¢ | ged(u, — 1,u, — 1). The
case 03 = 1 is not hard to handle. When §3* # 1, results from
Diophantine approximations relying on the Subspace Theorem, as the
finiteness of the number of solutions of nondegenerate unit equations
with variables in a finitely generated multiplicative group and bounds
for the greatest common divisors of values of rational functions at units
points in the number fields setting, allow us to reduce the problem
to elementary considerations concerning polynomials. By using unit
equations, we first conclude that logb and log ¢ have the same orders
of magnitude, therefore x =< y =< 2. Then we show that a is also
large which will come in handy lateron. These preliminaries can be
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found in the next two sections (see Section 3 and 4). Next, since the
multi-recurrence ((u; — 1)(uy — 1)(u, — 1))z<y<. has a dominant root
and comparable positive integer subscripts, a result of the first author
from [11] tells us that for infinitely many of our solutions, the positive
integer abc is a linear combination of finitely many of the monomials in
o, B* oY, Y, of, (% appearing in the formal Puiseux expansion of
v/ (uz — 1)(u, — 1)(u, — 1). Hence, the relation (abc)? = (u, — 1)(uy —
1)(u, — 1), may now be regarded as a unit equation with unknowns in
the multiplicative group generated by « and 3, and it remains to deal
with it (equivalently, it can be viewed as the problem of calculating the
zeroes of a multi-recurrence; this is not an easy task, see e.g. Remark
5 in [11]). The proof now falls in two distinct cases: the case when «
and 3 are multiplicatively independent or multiplicatively dependent.
In case o and [ are multiplicatively independent (which together with
the considerations outlined above is handled in Section 5), listing the
first few dominant units in both sides of the equation and identifying
them, one gets a few linear relations among the exponents =,y and z. It
turns out that if one goes back to the original equations, these few linear
relations are enough to get a contradiction in this case. In case when «
and (3 are multiplicatively dependent (see Section 6), we argue without
going back to the before mentioned multi-recurrence. Instead, we show
first in an elementary way (using just the pigeon hole principle), that
there are only finitely many lines in Z® the union of which contain
all possible triples (z,y, z) leading to a solution of our problem. Since
we have infinitely many solutions, we may assume that for infinitely
many of them we have x = dt + ey, y = dot + €9, 2z = dst + e3, where
dy,ds, ds, eq, es, e3 are fixed integers with the first three positive and ¢
is some positive integer variable. But in this case, since o and [ are
also multiplicatively dependent, it follows that u, — 1, u, — 1, u, — 1
are all polynomials in pt, where p is some number such that oo = p* and
3 = %p? for some integers i and j. Since any two of these numbers have
large greatest common divisors, it follows that these three polynomials
have common roots any two of them and their product is the square
of some other polynomial. The proof ends by a careful analysis of
how these polynomials might share their roots with a view of getting
a contradiction.

3. PREPARATIONS

Let I be any algebraic number field and S be a finitely generated
multiplicative subgroup of IL.. Given N > 1, a unit equation is an
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equation of the form

N
(3) Z a;r; = ]_,
i=1

where aq,...,ay € IL are fixed nonzero coefficients and z1,...,zy € S.
A solution (x1,...,zy) of the above unit equation is called nondegen-
erate if 3, ; a;x; # 0 for all proper subsets 1 € {1,...,N}. In such a
case, we will call the unit equation (3) itself nondegenerate. We record
the following result about unit equations.

Lemma 2. There are only finitely many nondegenerate solutions X =
(z1,...,2x5) € SN to the unit equation (3).

We will use Lemma 2 several times in what follows. In our case (and
for the rest of the paper), S is the multiplicative group generated by «
and (3 inside IK; i.e., S = {a"8™ : n,m € Z}. In this special case (3)
can be rewritten as

N
0 3 g = 1

i=1
to be solved in integers nq,...,ny,my,...,my. Lemma 2 tells us
that there are only finitely many (ni,...,ny,mq,...,my) € Z* such

that no subsum on the left of (4) vanishes. In the case when the
right hand side of (4) is 0, then Lemma 2 implies that the differences
n; — n;,m; — m; are bounded for all 1 < ¢ < j < N and for all
Ni,...,NN, My, ..., my such that no subsum on the left vanishes. We
mention that the set of all IK-linear combinations of elements in S is
easily understood: it is isomorphic to IK[X*!, Y*!] in the case when
a and B are multiplicatively independent and isomorphic to IK[X*!]
otherwise.

We will also need the following lemma. Assume that (u,),>0 is
the nondegenerate binary recurrent sequence whose general term is
given by the formula (1). Assume further that A > 0, therefore that
la] > |5|. We have the following result.

Lemma 3. There exists constants ko € (0,1) and zy such that if y and
z are positive integers with z > max{y, 2o}, 08 # 1 and u, # 1, then

ged(uy — 1u, — 1) < |

Proof. Clearly, |u, — 1| < |u,| < |a|Y. Thus, if for some small ¢ > 0
but fixed we have y < (1 — €)z, then we can take ko = 1 — /2 and
the desired inequality holds for large z. From now on, we shall assume
that the inequalities (1 — €)z < y < z hold with some small ¢ > 0 to
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be fixed later. Put A = z —y € (0,e2). Let D = ged(uy, — 1,u, — 1).
Then

(5)  D|ya’+68"—1 and D [ya¥ 50— 1.

Multiplying the first divisibility relation above (5) by the algebraic
integer o, we also have that D | ya¥** 4+ §3Ya* — o*. From this and
the second relation (5), we get

(6) D|ép"(a = %) — (o —1).

Let us first assume that the algebraic integer appearing in the right
hand side above is zero. We then get

(7) 1=’ +38° — 68%a.

This is a unit equation in four terms. If it is nondegenerate, then it
has only finitely many solutions. Thus, taking z, sufficiently large,
it follows that if equation (7) holds, then it must be degenerate. In
this case, one of a, §3*, or —63Ya* equals 1. The case 63 = 1 is
excluded by hypothesis. The case o* = 1 leads to A\ = 0, which is
impossible. Finally, the case —§3Ya* = 1 leads to §3° + a* = 0, or
la)* = 18]|8]*. Tf | 3] # 1, we then get that zlog|3| + log |5] = Alog |al.
Since A < ez, it follows that the above relation is impossible for large
z if we choose ¢ < log|3|/(2log|al). Thus, if z > 2, then we must
have |3| = 1, therefore |a|* = |§]. Now the relation —63%a* = 1 leads
to |a]* = [8]7L. Thus, |a|* = |6] = |§]7!, leading to |§] = 1. We next
get |a|* = 1, therefore A = 0, which is a contradiction.

From now on, we may assume that z is sufficiently large, and there-
fore that relation (7) does not hold.

Assume first that IK = @. Then the nonzero integer appearing in
the right hand side of (6) is of size

‘cwy(ozA — BN — (o = 1)‘ < exp(ylog|8| + Alog |a])
< exp(z (log|f] +eloglal)) < |af™,

for a certain kg < 1 (depending on ¢) provided that we first choose
e < (log|a| —log|B])/log|a|, and then we let z be sufficiently large.
This finishes the proof of the lemma in this case.

Assume now that IK is quadratic. Conjugating (6) by the nontrivial
Galois automorphism of IK over @), we get

(8) D [~a"(5* = o) = (8% = 1).
Multiplying relations (6) and (8), we get

D* | (68%(a* = B*) = (* = 1)) (va"(B* = o) = (3* = 1)) ,
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and the right hand side above is a nonzero integer. Hence,
D? < exp (ylog |af]) + 2\ log|a|) < exp ((log|aB| + 2¢log |a|)z) .

Choosing ¢ < (log|a| — log|3|)/(2log|a|), one checks easily that the
last inequality above leads to the conclusion that D < |a]®* for a
certain ko € (0,1) (depending on ¢) provided that z is sufficiently
large. This completes the proof of Lemma 3. a

We mention that Bugeaud, Corvaja and Zannier (see [1]), showed
by using the Subspace theorem that if @ > b > 1 are multiplica-
tively independent integers, then for all ¢ > 0 there exists n. such
that ged(a™ — 1,0™ — 1) < exp(en) if n > n.. Afterwards, this result
was extended in various ways by various authors (see [5], [9], [14] and
[20] for a sample of such extensions). The last lemma is a weak form
of such a result, which is enough for our purpose, and admits an easier
proof. Furthermore, we point out that a generalisation of these results
to the number-field setting can be found in [5], which will also be used
later.

4. FURTHER PRELIMINARIES AND THE CASE 0(3* =1

In this section, we will prove some useful information on the solutions
of our problem. Especially, we will handle the case when §3% = 1, which
gives the exceptional solutions in the theorem.

4.1. Both 2z and y are large. Assume that 1 < a < b < ¢ and that
ab+1=u,, ac+1 = u, and bc 4+ 1 = u,. We may assume that there
are infinitely many such triples, therefore that ¢ — oo. Since || > |f],
we have

[un] = [llel"|1 = de™' (B/a)"],
and (8/a)" tends to zero as n — oo. This shows that if n > ny is
sufficiently large, then |u,| < |u,,| means n < m. Since

u, = bc+ 1 > max{u,, u, } = max{|ug|, [u,|},

we get that z > max{xz,y}. Further, since ¢ is arbitrarily large and
u, = ac+ 1 > ¢, it follows that y is arbitrarily large. Since u, =
ac+1 > ab+1 = u,, it follows that if c is sufficiently large, then y > x.
Thus, we may assume that x < y < z. Clearly, z tends to infinity. We
shall assume that z > zy, where z; is a sufficiently large number, not
necessarily the same at each occurrence. Note that

u. = |yllal*|1 = de™ (B/a)*] = be + 1 € [¢, ¢,
showing that
(9) loge < zlog|a| + O(1) < 2loge.
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Since

uy = ylla?||1 = de™H(B/)!| = ac+1 > ¢,
we get that
(10) loge < ylog|al + O(1).

Estimates (9) and (10) show that z < 2y + O(1).

4.2. The case when §3* = 1. Since z is large, the above relation
implies 3 = *1, therefore 6 = 1. Hence, o € Z. Furthermore, since
v =wuy—0 =ug=E1, we get that v € Z. Moreover, §3Y and J3* are
both in {£1}. If §3Y = —1, we then have

bc = ya® and ac = ya¥ — 2.

It is easy to see that for large z we have ged(ya?, ya¥ — 2) = O(1).
This shows that ¢ = O(1), therefore that z = O(1). This leads to only
finitely many solutions. Thus, if z is sufficiently large, then d5Y = 1.
If also 63* =1, then

ab = ya”, ac = vya¥, bc = va”,

therefore (abc)? = y2a®t¥™ implying that either v or v is a perfect
square, according to whether x + y + 2z is even or odd, respectively.
Assume now that 63 = —1. Then

ab = ~va® — 2, ac = vya¥, bc = vaZ.
Furthermore, since 03Y = 04* = 1 but 6% = —1, it follows that
B8 = —1, y and z have the same parity, and z has opposite parity.

Since abc® = y?a¥"™ and y and z have the same parity, it follows that
ab is a perfect square. Assume now that x > 2. Then

(11) ab+ 2 = ya”.

But since a and b divide ya¥ and ya?, respectively, it follows that all
primes dividing ab divide ya. The last relation above (11) shows now
that the only prime factor of ab is 2. Hence, ab is a power of 2 and
since it is a square, it is > 4. Thus, 2|lab + 2 (i.e. 2|ab + 2, but 4
does not), therefore 2||va®, and since = > 2, we get that 2||y and « is
odd. Now the relations ac = ya¥ and bc = ya*® together with the fact
that ab is a power of 2, show that a € {1,2} and b € {1, 2}, therefore
ab € {1,2,4}. This is impossible since 1 < a < b and ab must be a
perfect square. Thus, if 65 = —1, then = € {0,1}. This takes care of
the exceptions (i) and (ii) appearing in the text of Theorem 1.
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4.3. All three z, y and z are large. From now on, we assume that
0% # 1. Note that u, = ac+ 1 > 1. Lemma 3 shows that there exists
a positive constant ko < 1 such that the inequality

ged(u, — 1, uy — 1) < |af™*
holds provided that z is sufficiently large. Thus, the fact that ¢ divides
ged(ac, be) = ged(u, — 1, u, — 1) shows that ¢ < |a|"*, leading to

u, — 1

b:

> |a|(1—no)z‘

Since |al® > u, = ab+ 1 > b > |a|17%)% it follows that x > (1 —
ko)z + O(1). Thus, x tends to infinity with ¢ also and, in fact,

(12) =y Xz
This will be essential when applying the Subspace theorem.

4.4. Signs of v and «. Here, we comment on the signs of o and ~.
Assume that o > 0. Then the sign of u, is the same as the sign of
once n > ny is sufficiently large. Thus, if v < 0, then there are only
finitely many n such that u,, is positive, and we obtain a contradiction.
Hence, v > 0 when o > 0.

Assume now that o < 0. Then for large n, the sign of u,, alternates;
namely, the sign of u, is the sign of y(—1)". Thus, if v > 0, then for
large ¢ the three numbers x, y, z are even, while if 7 < 0, then for
large ¢ the three numbers x, y, z are odd. Thus, we may replace the
pair of roots («, 3) by the pair (?, 3%), and keep the pair of coefficients
(v,6) (if v > 0), or replace it by (ya, ) (if v < 0), and consequently
suppose again that both o and ~ are positive. From now on, we work
under this assumption, namely that o and v are positive.

4.5. a is large. Here, we shall prove a fact that will turn out to be
useful later.

Lemma 4. We have a — oo as z — oo through integer values such
that 0% # 1. Furthermore, in case o and (3 are multiplicatively inde-
pendent, there exists a positive constant Ky such that a > |a|"* when
zZ > 2.

Proof. We start by assuming that for each € > 0 there are infinitely
many solutions with a < |a|**. We will see that this condition with a
sufficiently small e > 0 and a sufficiently large z entails that a = O(1)
when o and (8 are multiplicatively independent. Then we shall show
that this last condition leads to a contradiction without any assumption
on « and 3 with regard to their multiplicative independence.
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The equation

(e — 1)(uy — 1)
(13) a’ =
(u. — 1)
implies
(14) |a”a” — ya™| < a” max{|a|*|B|", |a]*, |3]7}.

By estimate (12), it follows easily that there exists a constant ko € (0, 1)
such that if € > 0 is sufficiently small, then

(15) la?a® — ya® Y| < |a|“2max{$+y’z}.

Indeed, putting k3 for a positive constant such that min{z/z, z/(z +
y)} > ks, a little calculation shows that the estimate (15) is implied
by the estimate (14) for large z when

e < 27 k3 min{log |a|,log |a/ S|}

with some constant ko (depending on ¢) provided that z > z, (here, 2y
also depends on €). Assume that z 4y > z since the other case can be
dealt with similarly. Then

1
2 z—r—y __
@ < a0 mE)

(16) la

This shows that z — 2z —y = O(ez). Our next aim is to deduce for
z > zp that the left hand side of (16) has to be zero. Indeed, if IK = @,
and the left hand side is not zero, then its naive height is exp(O(ez)).
By the Liouville principle, if € is sufficiently small and z is large, then
inequality (16) cannot hold. If IK is quadratic, and the right hand side
is not zero, then its conjugate is a?3*~*~¥ — §. Thus, the height of
this number is again exp(O(ez)). By the Liouville principle again, we
arrive at a contradiction in inequality (16) for small € > 0, assuming
that its left hand side is nonzero.

Hence, for z > zy, it follows that a = +v'/2a®+¥=2)/2 Now equation
(13) is

a’6p* —a® = vo(a” Y 4+ ¥ 7)) + S237HY —
(17) — ya¥ —68% —03Y + 1,

with @ = +£+Y2a@+t¥=2)/2 This is a unit equation. Let £ be some
nondegenerate subequation containing the variable 1. Then any unit
in £ can take only finitely many values. If a and 3 are multiplicatively
independent, it then follows that either £ contains a? = a®*¥~*, or one
of the other units. In the first case, z+y—z = O(1), so a = O(1). In the
second case, one checks using the fact that o and (8 are multiplicatively
independent, that z = O(1); hence, only finitely many possibilities.



DIOPHANTINE TRIPLES WITH VALUES IN BINARY RECURRENCES 11

From now on, we assume that a is bounded for infinitely many solu-
tions. Thus, infinitely many of these solutions will therefore have the
same value for a. Now rewrite equation (13) (keeping in mind again
that a’*ya® = y?a®*¥ as we did for (17)), as

a>+1 = a*0p* + 03" +0pY — &2+
(18) + ya® 4+ ya¥ — ydat Y — yoaY BT

This is again a unit equation. In order to discuss its degeneracies, we
distinguish several cases.

Assume first that o and ( are multiplicatively independent. Then
there must be a nondegenerate subequation containing the left side
(a*> + 1 # 0) and some member from the right hand side. There are
only finitely many such subequations, and each one of them has only
finitely many solutions. In each one of the cases, we get that x = O(1);
hence, only finitely many possibilities.

Assume now that a and ( are multiplicatively dependent. In this
case, there exists p > 1 and coprime integers ¢ > j such that a = p
and 8 = £p’.

If 7 > 0, then again there must be some non-degenerate subequation
of equation (18) containing the fixed nonzero number a? + 1 from the
left hand side and some variable from the right hand side. This leads
to z = O(1); hence, only finitely many possibilities.

If j =0, then g = =£1, a > 1 and 7, J are all integers. We may also
assume that the class of (x,y,2) in (Z/2Z)? is fixed. Thus, the three
numbers 3%, §(3Y and 3% are fixed in {£d}. We rewrite equation (18)
as

a>+1 — a%6p° — 68" — 6B + 623V
= (1 =0p")a” + (1 —63%)a”.

The left hand side as well as the coefficients (1 —03Y) and (1 — 6 3%)
from the right hand side of a® and ¥, respectively, are fixed. Assume
first that these coefficients are zero. Then §5% = §3Y = 1 and the left
hand side must also be zero. This leads to a?(1 — §3%) = 0, therefore
0(3* = 1, which is not allowed. Thus, at least one of the two coefficients
v(1 = §pY) and (1 — §3%) from the right hand side is nonzero. Note
that the left hand side is a fixed integer. Thus, if the left hand side
is nonzero, then equation (18) is a unit equation with N = 1 or 2
according to whether one or none of the coefficients of o and a¥ from
the right hand side vanishes. This leads again to x = O(1); hence,
only finitely many possibilities. Assume now that the right hand side
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is zero. Then

e 1708 (1=880)(1-08Y)

T 1-6p" T 1— 605
Since o > 1, it follows from the first of the above two equations that
the cases 3 =1, or § = —1 and x = y (mod 2) are impossible. Thus,
up to replacing 6 by —¢ if needed, we may assume that

(1-9)
(1+6)

Since y > x and « is an integer, we get that 1 + 6 | 1 —§. Thus,
1+d|2leadingto14+6=-2, —1, 1, 2. Thecasesd =1+ =1, 2
lead to 6 = 0, which is not allowed, and o = 0, which is not allowed
either. The cases 1+6 = —2, —1 give ¥~ = 2, 3, respectively. Thus,
a = 2, 3, respectively, and y = x + 1. Now
, (1= —sp) 11—
a® = ) = 1i(5€{ 4,-3,2,1},

so the only possibility is that @ = 1. This happens if 6 = —2 and
a’> = —(1 + 9), therefore 1 — 63* = 1 — §, so z is even. On the
other hand, 1 = a = v"/2a(®+¥=2)/2 and ~ and « are positive integers,
therefore v = 1 and 2z = v +y = 22 4+ 1 is odd. This contradiction
shows that it is not possible that the left hand side of equation (18) is
zero and not both of the coefficients v(1 — §3Y) and (1 — 63%) of a¥
and o, respectively, from its right hand side be zero. Hence, if j = 0,
then there are only finitely many possibilities for z, y and z.

Finally, assume that j < 0. Then j = —1, 7 =1, s0o 8 = +a~ %
Rewrite equation (18) as

@1~ @65 307 — 05+ 85 4 40(a” Y + av)
= ~(a” 4+ oY).

Its right hand side is > a¥. Its left hand side is in absolute value
< oY% since f = F+a~'. Thus, a¥ % > o, leading to o® < 1,
therefore x = O(1); hence, finitely many possibilities.

Having analyzed all the possible scenarios and having arrived to only
finitely many possibilities in each case, we conclude that a = O(1)
leads to only finitely many possibilities. Thus, it must be the case that
a — o0 as z — oo. Furthermore, in case a and  are multiplicatively
independent, we have a > |«|"?* when z > z5, where k; > 0 is some
constant. O

y—r _

We saw that 3% # 1. For future use, we also record that §3Y # 1
and 03 # 1. Indeed, if say 5% = 1, then § = +1 and a | ged(ya® +
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(0% — 1),va”). Since §3* — 1 = O(1) is nonzero, it follows easily that
a is bounded, which is a contradiction. The similar contradiction that
b= O(1) is obtained if one assumes that §3¥ = 1.

5. THE CASE o AND (3 MULTIPLICATIVELY INDEPENDENT

In this section we will finish the proof of the theorem in the case
when o and ( are multiplicatively independent. This will be done
by applying Theorem 1 of [11], which follows from the general result
from [6] (see also [3], [4], [10], or [12]). We will indicate the proof to
see that we get an additional piece of information which is not stated
explicitly, although well-known, in [11, Theorem 1]. Then we show that
the assumption of o and § being multiplicatively independent leads to
a contradiction. As a first independent step we show that min{y —
x,y—2x,z — 2z} = O(1) in this case. Afterwards, the contradiction is
derived.

5.1. An application of the Subspace theorem. The three relations
(2) yield

(19) (uz — 1)(u, — 1)(u, — 1) = (abc)?.
Note that
(ua: - 1)(“@/ - 1)(uz - 1) = '7304x+y+z(1 + 77)»

L (+(2) e (2)),
te{z,y,z}

with 73 = §/v and §; = —1/+. Thus,

abe = 20TV (1 )12 = R0 lruE)/2 (122) o
k>0

where

Furthermore, using the binomial formulae, for each k£ we have

k __ —11x—12Y—132 QJj1x+J2y+j32
=) capo p :
(1J)€els

where Ty, is the set of all sextuples (i,j) with i = (iy,is,43), j =
(jl,jg,j3) fulﬁlllng 7:1 + ig + ig = k), and 0 S jg S ig for all ¢ = 1,2,3,
while ¢ ;) are certain coefficients in IK indexed over the members of
Iy.

Since x, y and z have the same order of magnitude, the arguments
from [11] show that there exists a finite set A of sextuples (i,j) (note
that if (i, ) is given, then k is the sum of the entries in i), and nonzero
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coefficients d; ;) € Q for (i,j) € A, such that infinitely many of the
solutions (a, b, ¢; x,y, z) have the property that

(20) abe = o/@FTy+2)/2 Z d(id)Ofilﬁ*izy*iszﬂjlirjzerjzaz'
(i,j)eA
From now on, we work only with such solutions. We insert abc given
by formula (20) into formula (19) and we end up with
(21)
2
(uz—1)(uy—1)(u,—1) = o tytz Z d(i’j)a—iw—my—i32ﬂj1:v+j2y+j3z
(i,j)eA
which upon expansion of both sides above leads to an S-unit equation
with infinitely many solutions. We now study this equation.

5.2. min{y — z,y — 2z,z — 2z} = O(1) when a and § are multi-
plicatively independent. We order the units appearing on the left
had side of the unit equation (21) according to their sizes of their ab-
solute values.

5.2.1. The case || > 1. It is then easy to see that
(e — D)y — 1)z — 1) = 73+ £ 4260V G 4 42507+ 3
(22) + 260”3 4 462 BT + smaller units.
We claim that for large z, we have
B > @B > aTYIBF > a¥|GFH.

Indeed, the ratios of any two consecutive expressions above are

a Yy—x a z—y a Tt+y—=z

(!ﬁ\) ’ (W!) ’ (!ﬁ\) '
The first two expressions are certainly > 1 and they remain bounded
only when y — 2 = O(1) and z —y = O(1), and the fact that the third
one tends to infinity as z — oo is a consequence of Lemma 4 and of

the fact that o®t¥=% > a2 > a2,

We now insert the right hand side of (22) in (21) and use Lemma
2 (see also the remarks made below Lemma 2). We may assume that
a®t¥*# cancels from both sides of equation (21). Indeed, if not, then
(0,0) € A, and the largest unit present in the right hand side is
< a¥t*77|B)1%*. Let € be some nondegenerate subequation contain-
ing o*T¥t* If £ contains some unit from the right hand side of (21),
we deduce that the ratio of a®¥** to a¥**~*|3|** is bounded; hence,
(a/]8])** = O(1), leading to x = O(1); thus, only finitely many pos-
sibilities. If on the other hand £ contains some other unit from the
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left hand side of equation (21), then the ratio of a**¥** to a¥**|3|*
is bounded. Thus, again (a/|5])* = O(1), which leads to only finitely
many possibilities. From now on, we assume that a®*¥*# cancels from
both sides of equation (21), so in particular that (0,0) € A.

Let £ be some nondegenerate subequation containing o**¥3*.

If £ contains either a?3**Y or one of the smaller units, then the
ratio of a*TY(3* to o®B*1Y stays bounded. This gives (a/|5])Y = O(1),
therefore y = O(1); thus, only finitely many possibilities.

If £ contains either a*™*[3Y, or oY 3%, we then get that (a/|5])Y " =
O(1), which is what we are after.

If € does not contain any unit from the left hand side of (21), then
it must contain one from the right hand side. Hence, the ratio of

ot to o tutE rtiatias
Qi1x+i2y+i3z

is bounded for some (i,j) € A with i1 + i + i3 = k # 0. Thus,
(23) a(i1—1)$+i2y+i3z < |6|(j1—1)$+j2y+j32'

Since j, < ip for £ = 1,2,3, it follows that (a/|g])(1—Dativ+isz < 1,
If 79 + i3 > 0, we then get y — 2 < 1, which is what we want. Thus,
19 = 13 = 0, and since k > 0, we get that ¢; > 1. If 7; > 2, we then get
x = O(1), so we get only finitely many possibilities. Thus, infinitely
many of the solutions will have ip = (1,0,0). If j; = 0, then estimate
(23) shows that |3|” < 1, therefore again # = O(1). Hence, j; = 1 for
infinitely many solutions. This shows that for iy = (1,0,0) and jo =
(1,0,0) we have that (ig,jo) € A. In particular, a®™¥*#(3/a)** appears
in the formula for (abc)?. Let F be some nondegenerate equation that
contains this variable.

If F contains a unit from the left hand side equal to a?3**Y or
smaller, we then get that the ratio of

2x
Oé$+y+z (é) to ()[Zﬂ$+y

«

is O(1). This implies that (a/|8])Y* < 1, or y — 2 = O(1), which is
what we want.
If F contains a unit from the left hand side which is in

{OéerZﬂx, OéZerﬁy, OdIerﬂZ},

we then get that the ratio of a¥™*7%3%® to one of these three units
belongs to a fixed finite set of numbers. Thus, one of

5 G ()
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belongs to a fixed finite set of numbers. The first possibility gives
x = O(1), so only finitely many possibilities. The second and third
show that y — 2z = O(1), or z — 22 = O(1), which is what we wanted.

Assume now that F does not contain any unit from the left hand side
of equation (21). Then it must contain some unit from the right hand
side. Thus, there must exist (i1,ji) # (2io, 2jo) such that the ratio of
(B/a)?® to Fietiavtis? [qie+i2y+is2 helongs to a finite set of numbers.
Here, i; = (i}, 15,4%) and j; = (41, j5, 7). Put k=) +d5 + 5. If k > 3,

then ,
il i .

e (1)

1Tty tizz o
and so we get that (a/|4])* < 1, showing that x = O(1); hence, again
only finitely many possibilities. If & = 2, then it is easy to see that
units of this shape of maximal absolute value not equal to (8/a)*
have maximal value at most (|3|/a)**Y. So, the ratio of (5/a)** to
such a unit is > («/|B])Y"*. Hence, («/|B])V"* < 1, showing that
y —x = O(1), which is what we want.

The only elements in F with &k =1 are

L1 1 (BT (BY (BY
o @) 0 @)

Thus, the ratio of (3/a)?** to one of the above six units belongs to
some finite set of numbers. If one of these six units is one of the first
four, then we get that one of **a~*, [*a¥ % (**a** or (B/a)”
belongs to a finite list of numbers. Since a and S are multiplicatively
independent, we get that © = O(1); hence, there are only finitely many
possibilities. Finally, if one of these six units is one of the last two, we
then get that one of (8/a)**™¥ or (3/a)**~* belongs to a fixed finite
set of numbers. Thus, y — 22 = O(1) or z — 2z = O(1), as we wanted.
This finishes the case when |3| > 1.

5.2.2. The case || < 1. Here, we just sketch the main steps since the
argument is very similar to the previous one. Instead of (22), we have

(Ugg _ 1)(Uy _ 1)(uz _ 1) —_ 73Oéx+y+z _ ’yZOzZer _ ,y2az+x

(24) — ~2a®" + ya® + smaller units.
The main roots are, in decreasing order of their absolute values,
a$+y+z7 Oéy—i-z7 Oéz—f—a:, Oz$+y, Oéz,

and the ratios between any two consecutive ones is

T y—x

a”, o rt+y—=z

=Y
y & y & )
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respectively. The last one tends to infinity with z by Lemma 4. The
same argument as the one used at the case |3| > 1 shows that one
may assume that the unit a**t¥** cancels from both sides of the unit
equation (21), for otherwise we get © = O(1); hence, only finitely many
possibilities. Thus, (0,0) € A.

Let £ be again some nondegenerate subequation of (21) containing
a?t* in the left hand side. If it contains some other unit from the
left hand side which is o* or smaller in absolute value, we get that
a¥ = (a¥**)/a® = O(1). Thus, we have only finitely many possibilities.
If £ contains one of the units a*** or a®*¥ from the left hand side, we
then get a¥~* = O(1), which is what we want. Suppose now £ contains
some unit from the left hand side, say of the form

e ﬂj1:v+j2y+j32

a’i1x+i2y+i32 ’

where k =11 + i3 + i3 > 0. Then

olii—Dz+izy+isz < ﬁj1$+j2y+j3z'

Since |B] < 1, the above inequality leads easily to the conclusion that
r = O(l), unless i() = (il,ig,ig) = (1,0,0) and jo = (jl,jg,jg) =
(0,0,0). Thus, (io,jo) € A, which shows that its square appears in
the right hand side of equation (21). Let F be some subequation
containing a¥t*~% appearing on the right hand side of (21). Assume
that F contains some unit from the left hand side of (21). If this is o or
some unit of a smaller absolute value, we get that a¥~* < O(1). Thus,
y — 2 = O(1), which is what we want. If it contains one of a¥**, a***
or a®*¥_ then one of the numbers a®, a¥~2* or o*~2* belongs to a finite
list. Thus, either x = O(1), which happens for only finitely many
possibilities, or min{y — 2z, z — 22} = O(1), which is what we want.
Finally, assume that F contains some other unit from the right hand
side of equation (21) of the form a®+¥+=pnetiytis? /ohiatizy+izz e
scale everything by o*™¥*%. 1If k > 3, then the largest such unit in
absolute value is 1/a3*. The ratio of 1/a** to this unit is > o, so if
this ratio is in a finite set of numbers, we then get © = O(1); hence,
only finitely many possibilities. If & = 2, then the largest such unit
in absolute value which is not 1/a?" is < 1/a®*¥. The ratio of 1/a*"
to such a unit is > a¥~*. So, if this ratio is in a finite set, we get
y—x = 0(1), as desired. Finally, the only possibilities when k = 1 are

11 1 BT (BY  (BY
oo () () ()



18 C. FUCHS, F. LUCA, AND L. SZALAY

If F contains one of these units, we then get that one of
O{x, O{y—a:7 Oéz—a:7 (Oéﬁ)x, O{y_2$ﬁ_y, az—?wﬂ—z

belongs to a finite list. In the first case, we get x = O(1). In the
next two, we get y — x = O(1), as desired. Finally, since « and [ are
multiplicatively independent, in the last three cases we get x = O(1);
hence, finitely many possibilities also.

In conclusion, we proved that both when |3| > 1 and |3] < 1, as-
suming that o and [ are multiplicatively independent, infinitely many
of the solutions will have one of y — x, y — 2z, or z — 2z bounded.

5.3. Proof of the theorem for o and ( multiplicatively inde-
pendent. Suppose first that y — 2 = A is a fixed number for infinitely
many of our solutions. Then

alya® +66" -1 and a|ya™ A 4637 — 1.

Multiplying the first equation relation above by o and subtracting
them, we get that

(25) a|of (e — B — (ot —1),
and, as in the proof of Lemma 3, the right hand side above is nonzero
for 2 > zp. Note further that a* — 3* # 0 because A # 0 and a/f3

is not a root of 1. Put ¢ = 6~ *(a* — 1)/(a* — 3*). Note that ¢ # 0.
Relation (25) shows that

a | K4(6$ - C)?
where we can take k4 to be some fixed positive integer which is divisible

by the norm of |a* — 8*| with respect to IK. The same argument
(interchanging o with ) shows that

a| ky(a® —n),
where n = y71(8* —1)/(8* — o). The fact that n # 0 follows because
0 # +1 and X # 0. Furthermore, both o — 7 and % — ( are nonzero.
Hence,

a < Nk (ged(e” —n, 5% = (),

where the last expression is to be interpreted as the norm of the ideal
greatest common divisor of the two algebraic numbers in K (see also
[20]). Since a and [ are multiplicatively independent, the Main The-
orem from [5, p. 205] shows that a = exp(o(z)) as x — oo. This
contradicts Lemma 4 for large values of x.

Suppose now that y — 2z = A for some fixed value of \. We will get
the contradiction by a similar argument as in the first case. It follows

a|ya® 4+ (66" —1) | (va*)® — (63% — 1)%
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Thus,
a |y — 2% 4+ 26% — 1 and a | ya®TTA 4 532 1,

Multiplying the first relation above by a?, the second by ~, and sub-
tracting them, we get

a| B¥6(yB + dat) — 263" + ot — 7.

The last expression above is nonzero for large x. Indeed, this expression
is a polynomial of degree at most 2 in 3*. If it were zero, then it must
happen that all three coefficients 6(y3* + da?), —20a* and o — v are
zero, which is not the case since da # 0. Thus,

a | kaP(37),

where P(3%) is a nonzero monic polynomial of degree at most 2. In-
terchanging  to « in the previous argument, we get that

a | /@lQ(Of)v

where Q(X) € IK[X] is some nonzero polynomial of degree at most 2.
Hence, at the level of ideals,

alry ] Nuo(ged(B”—¢a”—n),

¢n
P({)=0, Q(n)=0

where IL is the splitting field over IK of P(X)Q(X) and where the roots
¢ and n of P(X) and Q(X) in IL, respectively, are counted with their
multiplicities. If ¢n # 0, then Ng(ged(8* — ¢, a® — 1)) = |a]°@ as
x — oo by [6, Main Theorem, p. 205]. It remains to deal with the case
when one of ( or 7 is zero. Assume say that ( = 0. Let m be any prime
ideal dividing 7 in IK. All we need to understand is an upper bound
for pu(a), where for a number w € IK we use i (w) for the exponent of
7 in the factorization of w in prime ideals inside IK. If 7 divides also
a, then 7 does not divide u, — 1 for large x. Thus, u,(a) = 0 in this
case. If m does not divide «a, then

fr (g — 1) = pr(ya® 4+ 66% — 1) < min{x, p.(ya® — 1)}.
By linear forms in m-adic logarithms (see, for example, [21]),
pr(ya® — 1) < log .

Thus, for large z, pr(a) < pr(u, — 1) < logz. A similar argument
applies to the ideals dividing «. This argument shows that the roots
(n = 0 contribute a factor of size |a|?18?) = |a|@) as ¥ — oo in a.
Consequently,

a<| a|o(w)

holds as x — oo, contradicting again Lemma 4.
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The same argument works also in the case z — 2z = O(1), the role
of a being played by b. We give no further details.

6. THE CASE @ AND (3 MULTIPLICATIVELY DEPENDENT

We begin with some remarks about the case when o and 3 are mul-
tiplicatively dependent. Since they are also either rational or quadratic
integers, there exist p > 1, coprime integers i > 0 and j, and n € {£1},
such that a = p’ and 3 = np’/. If j > 0, then p is a rational integer.
Otherwise, © = 1, 7 = —1, and p is a quadratic unit.

Observe now that if j > 0, then

U, —1=7(p") +1"6(p") — 1

is a polynomial in p™ when 1 = 1, and one of two polynomials when
1n = —1 according to whether n is even or odd. When j = —1, then

un = p " (y(p")* = p" 4 1"0)
is associated (because p~™ is a unit) to one (if = 1), or one of the two

(if n = —1) polynomials of degree 2 in p" with coefficients in IK. The
following result is very important in what follows.

Lemma 5. All solutions (z,y, z) of equation (2) are contained in the
union of finitely many lines in Z°.

Proof. We let by and ¢; be the largest divisors of b and ¢, respectively,
which are free of primes dividing p. Note that both b/b; and ¢/c; are
O(1). Indeed, if j > 0, then p > 1 € Z and u,, — 1 is coprime to p
for all n sufficiently large. If j < 0, then p is a unit, so by = b and
c¢1 = c. Finally, if 7 = 0, then, since 3% # 1 and 63Y # 1, we get that
§f* —1=0(1) and 63Y — 1 = O(1) are both nonzero.

This justifies that b/b; = O(1) and ¢/¢; = O(1).

We now fix the class of (z,y, z) modulo (Z/2Z)3. For j > 0, we may
write

¢
bc = U, — 1= ’yP(pz) = fyH(pz —’ui)ai’
=1

g/
ac = uy, —1=Q(p") =~ ][ (0" — ).
j=1

In the above formulae, p1, ..., p are all the distinct roots of P(X) hav-
ing multiplicities oy, ..., 0y, respectively. Similarly, pq,..., uy are the
distinct roots of Q(X) of multiplicities o71,. .., 0}, respectively. Note
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that w1, ..., e, iy, ..., gy are all nonzero. Note also that P(X) and
Q(X) have degrees i. When j < 0, then we write

bc =wu, — 1 =~p *P(p?), and ac=u, — 1 =vp7YQ(p"),

where now P(X) and Q(X) are quadratic polynomials. We keep the
notations u;, o; and ,u;», 0;- with 1 < i < /¢, 1 < j </ for the dis-
tinct roots with their corresponding multiplicities of P(X) and Q(X),
respectively.

In all cases, we put d for the common degree of P(X) and Q(X).

We now write o0 = max{oj,0; : 1 <i < ¢, 1 <5 </}, L for
the splitting field of P(X)Q(X) over IK, and k5 for a positive integer
divisible by the denominators of v, y; and g for all 1 < i < £ and

1 <j < /. We then get that
a | ged(u, —1,uy —1) | ged(vP(p), vQ(p"))
(26) | kS T ecd (0° = i p” — 113)°

1<i<s
155<t

The last product above is to be interpreted as a product of ideals in IL.

Now let T" > 2 be a large positive integer. Consider the set of
numbers 7 = {pz+qy : 1 < p < T, 1 < g < T}. Clearly, all
numbers in 7 are < 22T for large 2. Since there are T2 pairs of
positive integers (p, q) € [1,T]?, it follows, by the pigeon hole principle,
that there there exist (p, q) # (p',¢’) such that [pz+qy — (p'z+q'y)| <
2Tz/(T?* — 1) < 3z/T. Write u = p—p’ and v = ¢ — ¢’ and assume
that uz + vy > 0 (otherwise, we replace the pair (u,v) by the pair
(—u,—v)). For1 < i < /fand 1 < j </, put ¢, for the ideal
ged(ey, p° — pg, p¥ — pfy) in IL. Since

P = (mod Cl,i,j) and P’ = ,u;‘ (mOd Cl,i,j)’
and p is invertible modulo ¢;, we get that p"*** = pi'u’? (mod ¢y ;).

We thus get, using relation (26), that

a3 u u, v
(27) el g 0y T (0 = i)
1<i<¢
1<

Assume that the right hand side above is nonzero. Then, taking norms
in I and using the fact that 0 < uz + vy < z/T, we get that

1 <exp(O(z/T+1T)).

The constant implied by the above O depends on the sequence (uy,),>0-
Since ¢; > ¢>> a*/?, we get that

a*? < exp(O(z/T +T)),



22 C. FUCHS, F. LUCA, AND L. SZALAY

therefore z <« z/T + T. This inequality is false if we first choose
T > 2kg ', where kg is the constant implied by the above O, and then
make z large. The contradiction comes from the fact that we have
assumed that the right hand side of (27) is nonzero for T' = |kg'| + 1
once z is large. If the right hand side of (27) is zero with this value for
T, then p“+v = pipy for some 4, j,u,v, and since p is not a root of
1, we get that uz + vy is uniquely determined once i, j,u, v have been
fixed.

We now repeat the argument but with z instead of y and with b
instead of ¢. The similar argument leads to the conclusion that un-
less some equality of the form p**+v'v = y ,u;-’”/ holds with some in-
tegers u',v" of absolute values at most 7’ and not both zero, then
b <exp(O(z/T"+1T")). Here, uf, ..., pp, are the roots of the polyno-
mial R(X) such that u, —1 is associated to yR(p") in the same way as
u, — 1 and u, — 1 were associated to yP(p*) and vQ(pY), respectively.
Since b > a17%0)* for some constant kg € (0, 1), we get again that
2z < z/T"+T', which is a contradiction if 7" is first chosen to be suf-
ficiently large, and then z is allowed to be large. In conclusion, there
must exist a relation of the form p**+V'* = ,u;*',u;’”/, with exponents
u'; v of sizes O(1), which are not both zero, leading again to the fact
that u'z + v’z = O(1). Since we also have uz + vy = O(1), we get that
(x,y, z) belongs to one of finitely many effectively computable lines in
z°. O

Since we have infinitely many solutions (x,y, z) and only finitely
many possibilities for the lines in Z* on which they might lie, it follows
that infinitely many of the z,y and z are of the form

I:d1t+€1, y:d2t+62, Z:d3t+63,

where dy, ds, ds3, eq, €5, e3 are fixed integers with the first three positive
and t is a positive integer which may be arbitrarily large. Note that
ds > dy > dy > 0. We may also fix the parity of ¢, therefore the signs
of 5%, pY, 7 are all determined by n and the parities of e, e; and es.
We now distinguish the following cases.

6.1. The case 7 > 0. This is the easiest case. We have
ab = u,—1= (") ()" + (6" ) (o) -1,
ac = uy —1=(ya"?)(p")"" + (00") (0" )™ — 1,
be = u,—1=(ya")(p")"" + G(6p") (p )" — 1,

where (; = n% € {£1} for i = 1,2,3. Multiplying the three relations
above we get a polynomial with rational coefficients in p' which is a



DIOPHANTINE TRIPLES WITH VALUES IN BINARY RECURRENCES 23

perfect square for infinitely many values of . Since 0 is not a root
of this polynomial (in fact, its constant term is —1), it follows easily
that this polynomial must be the perfect square of a polynomial with
rational coefficients (see, for example, [15, Criterion 1]). However, this
is impossible because its constant term is —1, which is not a perfect
square.

6.2. The case 7 = 0. In this case, i = 1 and we have

ab = uy—1=my(p")" + 6y,
ac = uy, —1="y(p")2 + dy,
be = u, —1=r3(p")% + 6,

where 01, 02,03 € {—d—1,5—1} are nonzero and ; = yp® fori = 1,2, 3.
Let us put P;(X) = v, X% + ;. Then

a | ged(Pi(p'), Pa(p")), b | ged(Pi(p'), Ps(p")), ¢ | ged(Pa(p'), Ps(p")).

We now look at ged(P;(X), P;(X)) for i # j. The roots of P;(X) in C
are e>™#/dip, for u=0,1,...,d;—1, where n; is any fixed determination
of (=6;/7:)"/%. Tt now follows easily that ged(P;(X), P;(X)) is a poly-
nomial of degree at most ged(d;, d;). In particular, ged(Ps(X), Pi(X))-
ged(P3(X), Po(X)) is a polynomial of degree at most ged(ds,ds) +
ged(ds, dy). Since

Py(p') = be | ged(Pi(p'), Ps(p")) ged(Pa(p'), Ps(p'))

holds for infinitely many positive integers ¢, we get that d3 < ged(ds, dy)
+ ged(ds, dy). Since di < dy < ds, the above inequality shows that
either d3 = dy, or di = dy = d3/2. We treat only the case d; = do,
since the case when dy = d3 is similar. Since d; = dy and y > x, we
get that e; > e;. Putting d = dy, we get that P;(X) is associated
to X4+ 6;/v and Py(X) is associated to X + §5/7,. They have a
common root if and only if 6; /71 = d2/72. This leads to p~¢ = d5/4;.
If 69 = 01, then es = €1, therefore z = y, which is a contradiction. This
shows that do # 41, therefore d5/0; equals either (6 —1)/(—d — 1), or
(=0 —1)/(0 —1). Changing J to —¢, if necessary, we may assume that

0—1

d+1

Since p is an integer, we get that 1 + 6 | 0 — 1, therefore 1 4+ 4 | 2.
Thus, 140 =—-2,—1,1,2. The cases 1 +d = —2, —1, 2 give p®=~¢ =
—2, —3, 0, respectively, which are impossible because p is positive,
while the case 1 + 6 = 1 gives 6 = 0, which is not allowed. This
completes the analysis of the case when j = 0.

€2—e1 __
p —
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6.3. The case j = —1. This is by far the most technical one. In this
case, we have that

Uy —1 = yp"((p")* M —n(ph)™ + 61),
wy =1 = ()R = ()™ + b),
u, —1 = yp 3 ((p")*® — v3(p")® + &),

where v; = v 1p7%, §; = 0,0y 1p~2¢ and n; = n% € {£1} fori =1,2,3.
We put

P(X) =X — X% 16 =Qi(X%)  foralli=1,2,3,

where Q;(X) = X? — X +6; for i = 1,2,3. Note that P(p') =
Hle Py(p") is associated to a perfect square in IK for infinitely many
t. Since P(X) = [['_; Pi(X) does not have zero as a root, it follows,
again by [15, Criterion 1], that P(X) is a square of a polynomial in
IK[X]. In particular, all roots of P(X) have even multiplicities.

We now fix i € {1,2,3} and take a closer look at P;(X). Let z;; and
22 be the roots of Q;(X). Since Pi(X) = Q;(X%), it follows that all
roots of P;(X) are e2m£/dizilédi for{ =0,1,...,d;—1and j = 1,2, where

1/d; 1/d; L
zlé *and zlé ' are two fixed determinations of these complex nonzero

numbers. Thus, if P;(X) has a double root, then it must be the case
that eQ“ie/dizi/ldi = eZﬂg//dizil’édi for some ¢,¢' € {0,1,...,d; —1}. Upon
exponentiating this last relation to the power d;, we get z,; = 2.
Thus, Q;(X) has a double root. This happens if and only if v?—44; = 0,
which leads to n®~0 = 1/4. Furthermore, if this is the case, then
Zi1 = zia = 7i/2 is an algebraic integer and P;(X) = (X% — ~;/2)? is
the square of a polynomial whose coefficients are algebraic integers in
K.

6.3.1. The case of double roots. Assume that P;(X) has a double root
for some i € {1,2,3}. Then writing {1,2,3} = {4, j,k}, we get, from
the fact that P(X) and P;(X) are both squares of other polynomi-
als with coefficients in IK, that P;(X)P,(X) is a square of a polyno-
mial with coefficients in IK. If P;(X) has a double root, then again
zj1 = zj2 = 7;/2 and P;(X) = (X% — ~,/2)?. This leads to the fact
that P»(X) is also the square of a polynomial with coefficients in IK,
therefore Py(X) = (X% —~,/2)2.

Put R(X) = [[_,(X% — v,/2). Thus, R(X) is monic and P(X) =
R%*(X). For a fixed t even, we have that abc is associated in K to
Y2R(p'), where o/ = /2. Indeed, note that abc = ~3p=ty+aterteztes,
R?*(p'), and

T+y+z+e +ete3=1t(d +da+ds)+2(e; + €2+ e3)
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is even, therefore 4/ must be a member of IK. Since bc is associated to
V2 P3(p') = v ((p")% — 43/2)?, we have that a is associated to H(p'),
where

H(X) = 7 _(;?dé 2)_(1/22)_ 12/2)

We now show that H(X) is a polynomial. Assume that this is not
so and let H(X) = F(X)/G(X), where G(X) is of positive degree
and F(X) and G(X) are coprime. Then the algebraic integer G(p")
in IK divides the resultant Resyx(F(X),G(X)) evaluated at X = p,
which is a nonzero algebraic integer in IK. Thus, G(p') is associated
to some element from a finite list in IK. However, since G(X) is of
positive degree and does not have zero as a root, this resulting Dio-
phantine equation has only finitely many positive integer solutions ¢.
In fact, by the classical theory of Diophantine equations (see [19], for
example), this Diophantine equation can be immediately reduced to
a unit equation in three terms in K[(y3/2)*/%]. This contradiction
shows that H(X) is a polynomial, therefore that X% — ~3/2 divides
(X9 —~;/2)(X% —~45/2). The polynomials X% —~3/2 and X% —~;/2
can have at most ged(ds,d;) roots in common for i = 1,2. Thus,
ds < ged(ds, di) +ged(ds, dy). Since d3 > dy > dy, it follows that either
d3 = dg, or d1 = dg = d3/2 If d3 = dg, then by puttlng d = d3 and
using the fact that X¢ — v3/2 and X — ~5/2 have a root in common,
we also get 73 = 79, therefore p®> = p®. Thus, 2z = y which is not
allowed. Finally, if d; = dy, then using the fact that also X% — ~;/2
and X% — ~,/2 have a root in common (because a becomes arbitrarily
large), we get that v; = 79, therefore e; = ey, leading to x = y, which
is again not allowed.

We now return to the situation where P;(X) = (X% — ~;/2)? but
P;(X) does not have a double root. Then P(X) does not have a
double root either, and since P;(X)FPy(X) is a square, we get that
P;(X) = Py(X). By identifying degrees and coefficients, we get d; = d,
and v; = 7. The last equation implies that p% = p*; hence, e¢; = e;.
Since (dj, e;) = (dy, e¢), we get again that the two of the three variables
{z,y, 2z} corresponding to j and ¢ are equal, which is impossible.

6.3.2. Bounding the number of common roots. From now on, we can
assume that all three polynomials P;(X), P,(X) and P3(X) have only
simple roots. We look at

P3(X) = (X% — 231) (X% — 235),
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and count the number of common roots that P;(X) can have with
P;(X) for some i = 1,2. Let

PZ(X) = (Xdl — Zi,l)(Xdi — Z@Q).

Note that both P3(X) and P;(X) are product of two binomial poly-
nomials. Our aim is to show that P3(X) has < 2gcd(ds, dy) roots in
common with each of P;(X) for i =1, 2.

Assume say that z3;/239 is not a root of 1. Suppose that z;1/z; 2 is
not a root of 1 either. Then, since all roots of X% — 231 differ one from
another multiplicatively by roots of unity, it follows that if X% — 23,
has a root in common with X% — z; ;, then it will not have a root in
common with X% — z; ,, where {j, ¢} = {1,2}. Thus, in this case there
exists at most one j € {1,2} such that X% — 23, has a common root
with X% — 2, ;, and clearly the number of such roots is < ged(ds, d;).
Hence, X% — 23, has at most ged(ds, d;) common roots with P;(X).
The same is true for X% — z3,. Hence, in this case the number of
common roots of P3(X) and P;(X) is < 2ged(ds, d;).

Assume now that still 231 /252 is not a root of 1, but that z;1/z; 2 is
a root of 1. If each of X% — 23, for 1 = 1,2 has common roots with at
most one of the two binomials X% — 2, ; for j = 1,2, then the above
argument shows again that the number of common roots of P3(X) and
P;(X) is at most 2 ged(ds, d;). If say X% — 231 has common roots with
both X% — z;; and X% — 25, then it has at most ged(ds, d;) common
roots with each one of them, while X% — 239 does not have common
roots neither with X% — 21, nor with X di —d; 2, since otherwise z31/232
will end up being a root of 1, which is not the case. Hence, again P3(X)
and P;(X) have at most 2 ged(ds, d;) roots in common.

Assume next that z31/z32 is a root of 1, but that z; /29 is not. If
both X% — 23, and X% — 235 have common roots with P;(X), then
these common roots will be roots of X% — z; ; for the same value of j.
Thus, each of X% — 23, and X% — z3, will have at most ged(ds, d;)
common roots with X% — z; ; (and none common with X% — z; ,, where
¢ is such that {7, ¢} = {1,2}), so again P3(X) and P;(X) have at most
2gcd(ds, d;) roots in common. Of course, if only one of X% — z3;
for j = 1,2 has common roots with P;(X), then again it will have
common roots with only one of X% — z;, for £ = 1,2, and the number
of such is < ged(ds, d;), so in this case P3(X) and P;(X) have at most
ged(ds, d;) < 2ged(ds, d;) common roots.

So far, we have always obtained that P;(X) and P;(X) have at most
2 ged(d;, d3) roots in common.

Assume now finally that both z3;/232 and z; /22 are roots of 1.
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Note that (z;17p%, z;27p%) are the roots of X? — X + %4, and
70 € @ because v and ¢ are conjugates in IK. Thus, while z;;1, 2;2
might belong to a quadratic field over IK (hence, a field of degree 4
over @), their ratio belongs to a quadratic field. Thus, if z;1/z;2 # 1
is a root of 1, then its order is one of 2, 3,4, or 6. Note next that the
order cannot be 2 (i.e., z;; = —z;2), because the coefficient of X in
the quadratic polynomial X? — X + 7%~4 is not zero. Hence, z;1/z; 2
is a root of unity of order 3,4, or 6. One checks easily that z;1/z; 2 is a
root of 1 of orders 3,4, 6, respectively, if and only if n®~§ =1, 1/2, or
1/3, respectively. Since we are discussing the case when both z31/25
and z; 1/z; 2 are roots on unity, we deduct that either n =1, or n = —1
and e; = e3 (mod 2), and in any case these two roots of unity have the
same order. Let this order be k € {3,4,6}, and put ¢ = >™/*,

If each of X% — 23, and X% — 235 has common roots with at most
one of two polynomials X% — z;; and X% — z;,, then the previous
argument shows that P3(X) and P;(X) have at most 2 ged(ds, d;) roots
in common. Further, if at most one of the two polynomials X% — 23,
and X% — 239 has common roots with P;(X), then again the previous
argument shows that the number of common roots of P3(X) and P;(X)
is at most 2 ged(ds, d;).

We now look at the remaining cases. Here, we shall show that the
number of common roots of P3(X) and P;(X) is < ds.

We start by noting that up to relabeling the roots of P;(X), we may
assume that z; ; = z;, that z; 2 = 2;¢, and that X — 231 has aroot nin
common with X% — z;, and another root 7’ in common with X% — z;e.
Certainly, 239 = Z371€i1, and X% — 232 has a root in common with at
least one of X% — z; or X% — ze.

Since X% — z3; has a root in common with X% — z;, we get that
there is a number v such that v® = 231 and v% = z;. Thus,

Pi(X) = (X% — ) (X% — phig).

Since X% — v® has also a root in common with X% — v, it follows
that for some integers j and ¢ we have

V€27rzj/d3 _ Ve?m/(kdi)-l—Qmﬂ/di )

Thus,
1 12 J
PR N
implying that lem[ds, d;] is a multiple of kd;. Thus, kd; < lem[ds, d;] =
dsd;/ ged(ds, d;), giving ged(ds, d;) < ds/k.
Suppose first that X% — 23, does not have a common root with
both of X% — z; and X% — ze. Then P3(X) and P;(X) have at most
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3gcd(ds, d;) < 3ds/k roots in common. Note that 3ds/k < d3. Thus,
P3(X) and P;(X) have at most d3 roots in common. Let us show that in
fact the inequality is strict. From the above arguments, the inequality
is strict unless k& = 3 and ged(ds, d;) = dz/3. Put ged(ds,d;) = A
Then d3 = 3X and d; € {\,2A}. If d; = A, then P;(X) has a totality of
2\ < d3 roots, and we obtain a contradiction. Thus, d; = 2. Hence,

P3(X) — (X3>‘—V3>‘)(X3>‘—V3>‘8i1), PZ(X) — (XQA—I/”\)(X”‘—V%&).
However, it is now easy to see that X3* —12*¢*! cannot have a common
root with P;(X). Indeed, any such common root x will satisfy 3% =

v#e®!l and either 22 = v* (leading to v%e*? = 2% = 1% which is
2

false since 2 # 1), or 22} = 1v*¢ (leading to e*? = 78 = 623,
which is again false since €3 = 1 and e*? # 1).

So, it remains to treat the case when also X% — z; 3¢*! has a root in
common with both X% —z; and X% — z;e. With the previous notations,
since X% — p®e*! and X% — v% have a root in common, we get that
for some integers j and ¢ we have pe®27/(kds)+2mij/ds — ,e2mit/di  Thig
leads to X , _

J
ST
so lem|ds, d;] is a multiple of kd3. Thus, kd; < lem[ds, d;], leading to
ged(ds, d;) < d;/k. In particular, d; # ds. Write A\ = ged(ds, d;). Then
d; > kA, therefore d3 > (k + 1)A. Thus, A < d3/(k+ 1). Since P3(X)
and P;(X) have at most 4\ roots in common anyway, we get that the
number of common roots of these two polynomials is < 4ds/(k + 1) <
dz. Equality is obtained if and only if £ = 3 and d3 = 4\. Clearly, d;
cannot be A (otherwise P;(X) and P;(X) will have at most 2d; < 2\ <
d3 roots in common), and d; # 2\, for otherwise A = ged(ds, d;) = 2,
which is a contradiction. So, it must be the case that d; = 3\. Hence,

P3(X) — (X4>‘—V4>‘)(X4>‘—V4>‘8i1), PZ(X) — (X?))‘—V3>\)(X3>‘—V3>‘€).

Note now that the second factor of P;(X) above cannot have a common
root x with the first factor of P3(X) above, for if not, we would have
V12A = 122 — 1224 therefore e* = 1, which is false.

Having covered all the possibilities, we get that P3(X) has < dj
common roots with P;(X). If this is true for both i,5 € {1,2}, it
follows that there is a root of P3(X') which is not a root of P;(X)Py(X),
and this is a contradiction because P; (X )P2(X)P;(X) has the property
that all its roots are double.

So, there could be at most one i € {1,2} such that P;(X) has com-
mon < dz common roots with P;(X), and for j ¢ {7,3}, P3(X) and
P;(X) have at most 2 ged(ds, d;) roots in common. If ged(ds, d;) # ds,
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it follows that ged(ds,d;) < ds/2, so P3(X) has < 2d; roots in com-
mon with P (X)P»(X), which is false. So, it must be the case that
ng(dg, dj) = dg, SO dj = dg. Write d = d3. ThUS,

Py(X) = (XT = z31)(X) = 232),  Bj(X) = (X7 = 21)(X" = z2).

But it is clear that if the above polynomials have more than d roots in
common, then they will have all roots in common so they will coincide.
In particular, ds = d; and 3 = 7;, leading to ez = ¢;, so we get again
the contradiction that two of the positive integer unknowns x,y and z
are equal. Hence, P5(X) and P;(X) have at most d3 roots in common,
therefore P3(X) and P, (X)P,(X) have less than 2d3 roots in common,
which is false.

In conclusion, it must be the case that P3(X) has < 2 ged(ds, d;) roots
in common with each of P;(X) for i = 1,2. Thus, 2d; < 2ged(ds, d;) +
2 ged(ds, dg), therefore either dy = ds, or di = dy = d3/2. Assume that
dy = dy = d3/2. Then P3(X) has at most d3 roots in common with each
of P(X) and P»(X). Since all its roots are common to either P;(X)
or Py(X), we get that P3(X) and P;(X)P,(X) are monic and have
the same roots which are all simple for each of these two polynomials.
Hence, P3(X) = P;(X)P,(X). Evaluating this in X = p' with large ¢,
we get that a = O(1), which is a contradiction.

6.3.3. The case dy < dy = d3. Let d = dy = d3. Then the two polyno-
mials

Pg(X) = (Xd — Z371)(Xd — 23,2), PQ(X) = (Xd — 22’1)(Xd — 22,3)

cannot have more than d root in common, for otherwise, by an argu-
ment already used before, we would get that they coincide, therefore
z =y, which is a contradiction. Thus, P3(X) and P»(X) have exactly
d roots in common, therefore P3(X) and P;(X) also have d roots in
common. Since the number of such roots is < 2ged(ds, d;), we get
that either d; = d, or d; = d/2. Assume that d; = d/2. Then P;(X)
divides P3(X). Furthermore, up to relabeling the roots of Q(X), it fol-
lows that we may assume that ged(P3(X), P2(X)) = X9 — 25,. Then
Pl(X)PQ(X)P3(X) = Pl(X)Z(Xd — 2271)2(Xd — 22,2), and since this
must be the square of a polynomial with coefficients in IK, we get that
X9 — 295 is a square of a polynomial with coefficients in IK, and this
is false again.

6.3.4. The case d = dy = dy = d3. It now follows immediately that
Q1(X)Q2(X)Q3(X) must be a perfect square of a polynomial of degree
3 with coefficients in IK[X]. Furthermore, Q;(X) and @Q;(X) have
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precisely one root in common for all i # 5 € {1,2,3}. We now analyze
this last situation.

Assume first that either n = 1, or n = —1 but that ey, ey, e3
are all congruent modulo 2. Let us write u and v for the roots of
X2 — X + 16, where the value of e modulo 2 is congruent to e; (i =
1,2,3) in case n = —1. Tt then follows that Q;(X) has roots uy~!p=¢
and vy~!p~¢. Note that since Q;(X) € IK[X] for all 7 € {1,2,3}, and
any two of them have precisely one root in common, it follows that
u, v € IK. Furthermore, since u/v # +1, and KK is real, it follows, up
to interchanging u and v, that we may assume |u| > |v|. Since the root
uy~tp~¢ is also a root of Q;(X) for some j € {1,2,3}\{i}, we get that
either uy~'p™¢ = uy~1p~%, leading to e; = e;, therefore two of the
positive integer unknowns x, y and z are equal, which is impossible,
or for each i there is j # 4 such that uy~'p=% = vy~lp=%. Thus,
u/v = p“~ %, and since |u| > |v| and p > 1, we get that e; > e;. Thus,
for each ¢ € {1,2,3}, there is j # i in the same set such that e; > e;.
This is of course impossible because there must be some index ¢ such
that e; = min{e; : j € {1,2,3}}.

Finally, we assume that 7 = —1 and that not all e; are congru-
ent modulo 2 for ¢ = 1,2,3. Thus, there are two of them, say i
and j such that e; = e; (mod 2), and the third one ¢ is such that
e; # ¢; (mod 2). Let e = e; (mod 2), and we assume that u and
v are the roots of X? — X + (—1)®yd, and that u; and v; are the
roots of X? — X — (=1)®yd. An argument used previously shows
that u,v,uy,v; are all in IK. In particular, they are real. Then the
pairs of roots of Q;(X), Q;(X) and Qu(X) are (uy 'p~¢, vy tp¢),
(uy™tp=4 vy 1p=4), and (uyy lp=®, vy tp~%), respectively. Up to
interchanging u and v, we may assume that uy~!p~¢ is also a root
of Q;(X). If uytp=¢ = uy 'p~%, we then get again e; = e;, which
leads again to the conclusion that two of the three positive integer
unknowns x, y and z coincide, which is false. Thus, uy p=¢ =
vy~ lp7%, so ufv = p%. In particular, (—1)¢0y = uv = v¥(u/v) =
v2p%T¢% is a positive number. Now each of the roots of Q,(X) is also
a root of Q;(X) or Q;(X). In particular, u;y 1p~% = wyy tp~*" and
vy lpT% = wyy lpn, where wy, wy € {u,v}, and m, n € {i,j}.
Hence, (—1)T10y = ujv; = wiwep?* ¢ but this last number is
positive since p > 1 and wyws € {u?,v* uv}. This contradicts the fact
that (—1)°yd > 0, and completes the proof of Theorem 1.
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