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ABSTRACT. Let K be a field of characteristic 0 and let
a,b,¢c,Go,G1,G2, P € K]|z],deg P > 1. Further let the sequence
of polynomials (Gn(z))n=o be defined by the third order linear
recurring sequence
Grt3(x) = a(x)Grt2(z) + b(x)Gpt1(x) + c(v)Gr(x), for n> 0.
In this paper we give conditions under which the Diophantine equation
Gn(z) = Gm(P(z))

has at most exp(10?*) many solutions (n,m) € Z% n,m > 0. The proof
uses a very recent result on S-unit equations over fields of characteristic
0 due to J.-H. Evertse, H. P. Schlickewei and W. M. Schmidt (cf. [8]).
This paper is a continuation of the joint work of the author with A.
Pethé and R. F. Tichy on this equation in the case of second order
linear recurring sequences (cf. [9]).
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1. INTRODUCTION

Let K denote a field of characteristic 0. There is no loss of generality
in assuming that this field is algebraically closed and we will assume this
for the rest of the paper. Let a,b,c, Gy, G1,G2 € K[z] and let the sequence
of polynomials (G,(z))22, be defined by the third order linear recurring
sequence

(1) Gpys(x) = a(x)Gpia(z) + b(z)Gpii(x) + c(x)Gr(z), forn > 0.

By ai(z),as(x), az(z) we denote the roots of the corresponding charac-
teristic polynomial

(2) T3 — a(z)T? — b(z)T — c(z).
Setting S =T — %a(x) the characteristic polynomial becomes

5% —p(2)S — q(2),
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where

pl) = 3a(e)’ +5(z), ql@) = o-a(e)® + ze(@() + (o).
Let

_ (1@ (p@)\* _
v = () - (%) -

1 1 1 1 1
= ﬁa(:z)sc(:v) - ma(ac)Zb(ac)2 + Ea(z)b(m)c(:z) + Zc(ac)2 - 2—7b(:13)3.
Moreover, let
u(z) = ° @ +D(z), v(z)=" @ —/D(z).

Then we have by Cardano’s formulae
3) () = u(z) +v(w) + 3a(z),
(4) as(z) = —M + zﬁw + %a(m) and
(5) s(z) = —M - zﬁw + %a(av).

We will always assume that the sequence (G, (z))52 is simple which means
D(z) # 0. Then, for n >0

(6) Gn(z) = g1(z)en (2)" + g2(z) ()" + g3(z)a3(2)",
where
91(z), 92(x), g3(z) € K(iV3)(z, v/ D(x), u(x), v(z)).

(Gn(x))2, is called nondegenerate, if no quotient «;(z)/a;(z),1 < i <

j < 3 is equal to a root of unity and degenerate otherwise.

Many diophantine equations involving the recurrence (Gp(z))s>, were
studied previously. For example, let us consider the equation

(7) Gn(z) = s(z),

where s(z) € K|[z] is given. We denote by N(s(z)) the number of integers
n for which (7) holds. From the Theorem of Skolem-Mahler-Lech [10] it
follows that N(s(x)) is finite for every s(z) provided that the sequence is
nondegenerate and that also ai(x), as(z),as(z) are not equal to a root of
unity. Evertse, Schlickewei and Schmidt [8] proved that

N(s(x)) < exp(18°)

under the same conditions as before. This is a direct consequence of the
Main Theorem on S-unit equations over fields of characteristic 0 which we
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will state later on. We can say even more for the zero multiplicity, i.e. the
case s(r) = 0. Beukers and Schlickewei [2] showed that

(8) N(0) < 61.

Very recently, Schmidt [13] obtained the remarkable result that for ar-
bitrary nondegenerate complex recurrence sequences of order g one has
N(a) < C(q), where a € C and C(q) depends only (and in fact triply
exponentially) on q.

Recently, Pethd, Tichy and the author used new developments on S-
unit equations over fields of characteristic 0 due to Evertse, Schlickewei

and Schmidt (cf. [8]) to handle the equation G,(z) = Gn(P(z)) for se-
quences (Gp(z))%, of polynomials satisfying a second order linear recur-
ring sequence. Their result was: Let p,q, Gy, G1, P € K]z], deg P > 1 and
(Gn(z))se, be defined by the second order linear recurrence
Gry2(z) = p(2)Gni1(z) + ¢(z)Gn(z), n>0.
Assume that the following conditions are satisfied: 2degp > degq > 0 and
degGy > degGo+degp >0, or
degGi < degGp+ degq — degp.
Then there are at most exp(10'8) pairs of integers (n, m) with n,m > 0 with
n # m such that
Gn(z) = Gm(P(2))

holds. Furthermore, they showed a second result in their paper: Let A(z) =
p(z)? + 4q(z). Assume that

(1) deg A # 0,

(2) deg P > 2,

(3) ged(p,g) =1 and

(4) ged(2G1 — Gop, A) = 1.
Then there are at most exp(10'8) pairs of integers (n, m) with n,m > 0 such
that

Gn(z) = Gm(P(2))

holds.

The motivation for this equation was the following observation which
shows that the problem is non-trivial: Consider the Chebyshev polynomials
of the first kind, which are defined by

Ty (z) = cos(narccos x).

It is well known that they satisfy the following second order recurring rela-
tion:

To(z) =1, Ti(z) ==z,
Trio(z) = 22Th41(z) — Tn(x).
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It is also well known and in fact easy to prove that
Ton(z) = Tp(22% — 1).

This example shows that at least some conditions are needed to exclude
this case.

It is the aim of this paper to present suitable extensions of the above
results for third order linear recurrences.

2. GENERAL RESULTS

Our first main result is a suitable analog of Theorem 1 in [9] for the
number of solutions of

(9) Gn(z) = Gm(P(2))
for third order linear recurring sequence (G (z))5 .

Theorem 1. Let a,b,c,Gy,G1,G2, P € K[z], deg P > 1 and (Gr(z))52, be
defined as above. Assume that the following conditions are satisfied: 3 dega >
degc > 0,2dega > degb and dega + degc > 2degb. Moreover, assume

degGo > degGi+dega>0, and
1
degGy > degGo+ E(degc —dega).
Then there are at most exp(10%*) pairs of integers (n,m) with n,m > 0 with
n # m such that
Gr(z) = Gm(P(2))
holds.
Remark 1. We can also assume that
degGas < degGi+dega, and
1
degGy < degGo+ E(degc —dega).
instead of the conditions concerning the initial polynomials of the recurrence

in the above theorem.

The case a(z) = 0 is excluded by the conditions in Theorem 1. This
special case is handled in the following theorem.

Theorem 2. Let b,c,Go,G1,G2, P € K[z], deg P > 1 and (Gp(z))32, be
defined by

Gris(z) = b(2)Gpii(z) + c(2)Gp(z), for n>0.
Assume that the following conditions are satisfied: 3degb > 2degc > 0 and
degGy > degGi+2degb>0, and
degGy > degGo+ 2degb— dege.
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Then there are at most exp(10%*) pairs of integers (n,m) with n,m > 0 with
n # m such that

Gn(z) = Gm(P(z))
holds.

Remark 2. Observe that the conditions in this special case are quite
similar to those for second order linear recurring sequences proved in [9]
and mentioned in the introduction.

It is also possible to replace the conditions concerning the degree by al-
gebraic conditions.

Theorem 3. Let a,b,c,Go,G1,G2, P € K[z] and (Gn(z))22, be defined as
above. Assume that

(1) deg D # 0,degq # 0

(2) deg P > 2,

(3) ged(c, D) = 1,gcd(p,q) = 1,

(4) ged(G2 — 2aG1 — 2a?Go — bGo,q) = 1,

ged(G% — 3bG2Go — $bG2 + §b°GE, D) =1 and

(5) ged(a, 27¢? — 4b%) > 1.
Then there are at most exp(102*) pairs of integers (n,m) with n,m > 0 such
that

Gn(z) = G (P(z))

holds.

Remark 3. The reason for this different kind of assumptions lie in the fact
that the infinite valuation in the rational function field K(z) leads to degree
assumptions, whereas by looking at finite valuations one gets divisibility
conditions as in the above theorem.

In this case a(z) = 0 is included in the above theorem. Let us mention it
as a corollary.

Corollary 1. Let b,c, Gy, G1,G2, P € K[z] and (Gp(z))52, be defined by
Gny3(z) = b(z)Gny1(z) + c(z)Gn(z), for n>0.

Assume that

(1) deg D # 0,degc#0

(2) degP > 1,

(3) ged(b,c) =1,

(4) ged(Ge — bGy,c) =1, and

ged(G3 — 3bG2Go — $bGE + §H*GE, D) =1,
where D(z) = (c(z)/2)? — (b(x)/3)3. Then there are at most exp(10?*) pairs
of integers (n,m) with n,m > 0 such that
Gn(z) = G (P(2))

holds.
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Again we want to remark that this condition are quite similar to those
obtained in the case of second order linear recurring sequences [9].

3. AUXILIARY RESULTS
In this section we collect some important theorems which we will need in

our proofs.

Let K be an algebraically closed field of characteristic 0, n > 1 an integer,
ai,...,oan, elements of K* = K\{0} and I" a finitely generated multiplica-

tive subgroup of K*. A solution (z1,...,z,) of the so called weighted unit
equation
(10) az1+ - tapx, =1inzq,..., 05, €T
is called nondegenerate if
(11) Zaja:j # 0 for each non-empty subset J of {1,...,n}
Jj€J

and degenerate otherwise. It is clear that if I' is infinite and if (10) has a
degenerate solution then (10) has infinitely many degenerate solutions. For
the nondegenerate solutions we have the following result, which is due to
Evertse, Schlickewei and Schmidt [8]. First, we remark that I' is called a
finite type subgroup of C* = C\{0} if it has a free subgroup Iy of finite rank
such that I'/T'y is a torsion group; the rank of T' is then defined as the rank
of ['y. It is sufficient for us to state their result for finite type subgroups of
C* (cf. [8] and [7, Theorem 2| for the following version).

Theorem 4 (Evertse, Schlickewei and Schmidt). Let T be a finite
type subgroup of C* of rank r and ay,...,a, € C*. Then the number of
nondegenerate solutions of the equation

ari+...+tapxr, =1 in x,...,2p, €T

18 at most
exp((6n)3"(r +1)).

This theorem is the Main Theorem on S-unit equations over fields with
characteristic 0. It is a generalization of an earlier results due to Evertse
and Gyéry [5], Evertse [3] and van der Poorten and Schlickewei [11] on the
finiteness of the number of nondegenerate solutions of (10). For a general
survey on these equations and their applications we refer to Evertse, Gyory,
Stewart and Tijdeman [6].

In the special case n = 2 a much better result is known due to Baker [1]
and to Beukers and Schlickewei (cf. [2] and [7, Theorem F]).

Theorem 5 (Beukers and Schlickewei). Let I be a finite type subgroup
of C* of rank r and a,b € C*. Then the equation

ax+by=1 in z,yel
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has at most
216(7‘—1—1)

solutions.

This result is comparable to Evertse’s upper bound 3 x 74 for the case
I' = OF the ring of S-integers, where S has cardinality s (cf. [4]).

Finally, we need some results from the theory of algebraic function fields,
which can be found for example in the monograph of Stichtenoth [14].

Let K be an algebraically closed field of characteristic 0. Let K be a finite
extension of K(z) where z is transcendental over K. For ¢ € K define the
valuation v such that for @ € K(z) we have Q(z) = (z — )" A(z)/B(x)
where A, B are polynomials with A(£§)B(&) # 0. Further, for Q = A/B with
A, B € K[z] we put deg Q) := deg A — deg B; thus vy, := — deg is a discrete
valuation on K(z). Each of the valuations v¢, v can be extended in at most
[K : K(z)] ways to a discrete valuation on K and in this way one obtains all
discrete valuations on K. A valuation on K is called finite if it extends v for
some ¢ € K and infinite if it extends v. We choose one of the extensions
of Vs to L and denote this by —ord. Thus ord is a function from K to Q
having the properties

(a) ord(Q) = deg @ for Q € K|z],

(b) ord(AB) =ord(A) +ord(B) for A,B € K,
(c) ord(A + B) < max(ord(A),ord(B)) for A,B € K,
(d) ord(A + B) = max(ord(A),ord(B)) for A,B € K

),0
with ord(A) # ord(B).

4. REDUCTION TO A SYSTEM OF EQUATIONS

We start with a sequence of polynomials (P,(z))5%, defined by (1).

Thena in the Sequel aq (iE), (12(1‘), %} (iE), g1 ("E)a g2 (.’E), g3 (.’I}), U(IL'), ’U(iE), D(iE)
are always be given by (3), (4) and (5) (see introduction).

First we remark that in fact Gp(z) € Klz] for all n € N where K is
finitely generated over Q. We may take

K = Q(coefficients of a, b, ¢, Gy, G1,G2).
Let us define
F = K(z+/D(z,v/ P(x)),u(z),u(P(z)),v(z),v(P(z))).

Clearly, F' is a finitely generated extension field of Q. In fact F' is an algebraic
function field in one variable over the constant field K. Furthermore, we set

I' = (a1(z), a2(z), a3(z), a1 (P(2)), a2 (P(2)), a3(P(x))) (7~ )
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so I' is the subgroup of the multiplicative group of F generated by the
characteristic roots of (Gn(z))2L, and (Gn(P(x)))5.

It is obvious that I' can be seen as a finitely generated subgroup of C*,
because we can embed K* into C* by sending the transcendental elements
which appear in the coefficients of a,b,c, Gy, G1,G2 and the variable x to
linearly independent transcendental elements of C. Moreover, it is clear
that the rank r of I' is at most 6.

First we reduce the solvability of (9) to the solvability of seven types of
systems of exponential equations in n,m.

We consider for n # m the equation G, (z) = G, (P(x)) and obtain

g1(z)ar ()" + ga(z)az(z)" + g3(z)as(z)"—
—g1(P(z))a1 (P(x))™ — ga(P(z))a2(P(x))™ — g3(P(x))as(P(z))™ = 0.

This can be rewritten as

gz . 0@ . 9@ 91(P(z)) _ g2(P(x))
93(P(x)) g3(P(x)) g3(P(x))

g(P) =

in z,...,z5 €.

According to the theorem of Evertse, Schlickewei and Schmidt (Theorem
4) we conclude that, if g1(z),g2(z),g3(z) # 0 and the following systems
have only finitely many solutions (m,n) € Z2 with n,m > 0 which can be
estimated by C say, then our original equation (9) has only finitely many
solutions which can be bounded by

C + exp(301° - 7).

The systems which correspond to the non-trivial vanishing subsums of the
above weighted unit equation are:

(12) gl(w)al(w) + go()an(2)" + g3(x)as(x)” = g
9i(P(2))ai(P(2))™ + gj(P(z))a;(P(z))™ = 0

)
(@) ()" + gj(w)a(@)" = 0
(13) { q(P@)e(P(a

Q
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g1(z)aq(z)™ + ga(z)aa(z)™ + g3(z)as(z)” =0
(16) § 91(P(2))ar(P(2))™ + g2(P(z)) a2 (P(z))™

) { B s galoo (Pl
9i(P(z))a; (P(z))™ +9k( (z))a (P(z))™ = gi(z)on(z)"
a9) { B gie)o(a) = (Pl e
i(P(x))ei (P(z))™ +9j(P($))0ég(P($) ™ = gr(z)og(z)"
where 14,7,k are always such that {i,j,k} = {1,2,3}. Now we have the

following lemma.

Lemma 1. Let gl(m)agQ("E)a93("5)’gl(P("E))agQ(P(‘T))’g?:(P(x)) 7é 0 and as-
sume that (Gp(x))o, and (G (P(2)))32, are nondegenerate. Then for every

choice of {1,j,k} = {1,2,3} we have
(12) and (13) have at most 3 + exp(18° - 4),
(16) has at most 3721,
(17) and (18) have at most 24
solutions (n,m) € Z? with n,m > 0,n # m.
Proof. First observe that an equation of the type
(19) hi(z)a(z)™ + hao(z)B(z)" =0
with hy,ho,a, 8 € F* and «a(z)/B(z) not equal to a root of unity has at

most one solution in n € Z. In particular, assume that we have two solutions
n1,n9. Then we obtain

o= () = (66)

which implies that ni, = ns.

Let us first look at (12) with some choice of {i,7,k} = {1,2,3}. The
second equation is of the above type (19) and therefore it has at most one
solution m € N. Now the first equation in this system becomes

b (z)ay (z)™ + bo(z)as ()™ + b3(z)as(z)™ =1,

with

gi(z) .
MO = @@y B
which can be seen as a 3-dimensional weighted unit equation over the field
F of characteristic 0 where we search for solutions in the finitely generated
subgroup which is generated by a1 (z), as(x), asz(z). By our assumptions we
have b;(z) # 0 for ¢ = 1,2, 3. Moreover, each of the three non-trivial subsums
vanishes for at most one n € N as this subsums are again of the type (19).
By using Theorem 4 again, we can conclude that there are at most

3 + exp(18? - 4)
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pairs of solutions (n,m). The second system (13) is completely analogous.

Now for the equations in (16) we can calculate the number of solutions
by using the bound for the zero multiplicity of nondegenerate third order
linear recurring sequences (see introduction). Therefore the first equation
has at most 61 solutions in n and the second at most 61 solutions in m.
Consequently, there are at most 61 - 61 = 3721 pairs (n,m) for which (16)
holds.

Each of the equations in the system (17) can be seen as a 2-dimensional
weighted unit equations where we are interested in solutions which lie in
the group generated by the three characteristic roots which are involved in
the equation. Therefore by Theorem 5 we can conclude that the first and
the second equation has at most 2'# solutions. Altogether the systems has
at most 214 solutions as claimed in the lemma. O

Lemma 2. Let g1(x), 92(z), 93(2), 91(P(x)), 92(P(x)), 93(P(z)) # 0 and as-
sume that (G ()22, and (Gn(P(x)))5e, are nondegenerate. Then (13) and

(14) have at most
1+ exp(18? - 7)

solutions (n,m) € Z2 with n,m > 0,n # m respectively, provided that none
of the following systems has a solution:

gi(z)ai(z)" —gz(P(ﬂv)))ai(P(ﬂU "
J

(20) gj(z)aj(z)" = g;(P(z))ey )™
gk (w)ag(2)" = gr(P(z))a (P(z))™
9i(z)ai(z)" = gi(P(z))ei(P(z))™

(21) 9i(z)aj(z)" = gp(P(z)) g (P(x))™
gk (z)ak(z)" = g;(P(z))e; (P(z))™

)
8

)

)
i(z)ai(z)" = g;(P(z))a;(P(z))™
(22) 9j(z)aj(z)" = g(P(z)) o (P(z)

gr(z)ay ()" = gi(P(z)
where i, 7,k are such that {3, j,k} = {1,2,3}.
Proof. We handle only the system (13) since (14) is completely analogous.

Let {i,j,k} = {1,2,3} be fixed. The second equation in both systems can
be seen as a 3-dimensional weighted unit equation

9i(x) . %@ - alP@)
g(P@) " " gk(P(@)" gr(P(z)°

According to Theorem 4 this equation has at most

in z,x9,z3 €T

exp(18° - 7)



THE EQUATION Gy,(z) = Gm(P(z)) FOR THIRD ORDER RECURRENCES 11

solutions in I' for which no non-trivial subsum vanishes. But the vanishing
subsums are

{ gi(z)aj(x)" + gi(z)og(z)" =0
9i(P(z))ei(P(x))™ + g (P(x))ag(P(z)™ =0

which has at most one pair of solutions (n,m) by the proof of Lemma 1,
and the first and the last system in our assumptions, which are assumed
to have no solutions in (n,m) at all. Therefore we have proved the upper
bound for the number of solutions (n,m) € Z? with n,m > 0,n # m as
claimed in the lemma. a

From this discussion we see that it suffices to prove that
91(z), 92(x), g3(x), 91(P(x)), 92 (P(z)), g3(P(z)) # 0, that oy(x)/cy(z) and
a;(P(z))/c;(P(z)) is not equal to a root of unity for 1 <4 < j < 3 and
that the systems (20), (21) and (22) do not have a solution (n,m) € Z? with
n,m > 0,n # m. We will show this for each of our theorems separately in
the following sections.

5. PROOF OF THEOREM 1

In the next lemma we calculate the order of a;(z),a2(z) and as(z) re-
spectively in the function field /K, where F' and K are defined as in the
previous section. Then we have:

Lemma 3. Let (Gn(2))52, be a sequence of polynomials defined by (1) and
assume that 3dega > degc,2dega > degb and dega+degc > 2degb. Then

(23) ord(a;) = dega,
1
(24) ord(ag) = ord(as) = E(deg ¢ —dega) < dega.

Proof. First of all, observe that we have
degg =3dega and degp = 2dega.

Moreover, we have by our assumptions

deg D = 3dega + degec.
Therefore, we trivially have

ord(u) = ord(v) = dega
and the leading coefficients of the Puiseux expansions of u(z) and v(z) at the
absolute value which corresponds to ord are equal to 1/3 times the leading
coefficient of a(z). Consequently, we have ord(c1) = dega. Now it follows
from (b) and from the following equation

u(z)® —v(z)® = 24/D(z)
that

ord(u® — v?) = %(3 dega + degc).
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But using
u(z)® — v(z)® = (u(z) — v(z)) (u(ac)2 + u(z)v(z) + U(w)2)

and the observation that ord(u? + uv + v?) = 2dega, which follows again
from the fact that all the summands have the same leading coefficient in
their Puiseux expansion, we get

1
ord(u —v) = i(degc — dega).
We want to remark that we have

(25) a1(z)as(z)ag(z) = —c(x).

Now assume that ord(asz) # ord(as). Furthermore, we may assume without
loss of generality that ord(asg) > ord(as3). But then we have using (d)

ord(ag) = ord(agy — a3) = ord(u —v) = %(degc —dega)
which yields by (25)
ord(ag) = %(deg ¢ —dega) = ord(az),
a contradiction. Therefore we conclude again using (25) that
ord(ag) = ord(as) = %(degc — dega).
This means that the proof is finished. a

It is clear that

ord(ay — a3) = ord(a; — ag) = dega,

u—v

1
ord(ag — a3) = ord (21\/§ 5 ) = i(degc —dega).

To finish our proof, we want to calculate the order of gi(z), g2(z) and g3(z).
From the initial conditions

Go(z) = g1(z) + g2(z) + g3(z),

G1(z) = g1(z)ou (2) + g2(z) 2 (2) + g3(z) a3 (),

Ga(z) = g1(2)au (2)” + g2(z)2(7)? + g3(z)3(2)?,
we get

(26)  g1(2)A(z) = Ga(2) (as(2) — az()) + G1(2) (e2(2)” — as(2)?) +

(27)  g2(z)A(z) = Gao(x)(1(z) — a3
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where
A(z) = ai(z)as(z)(a2(z) — ai(z)) + i (z)as(z) (a1 (z) — as(z)) +
t+ag(z)as(z)(az(z) — az(z)) =
= —6iv3y/D(z).

In the proof of Lemma 3 we have already seen that a(z)3c(z) is the dom-
inant term in D(z). Consequently, we have

ord(A) = %(3 dega + degc).
Therefore, we can conclude
ord(g1) = ord(G2) + %(deg c —dega) (3dega + dege) =
=deg Gy — 2dega,

1
2

1
ord(ge) = ord(gs) = deg G2 + dega — 5(3 dega +degc) =

1 1
=deg G2 — Edega— gdegc.

Thus, we deduce that ¢i1(z),92(z),g3(x) and therefore also
91(P(z)),92(P(z)), g3(P(x)) are different from zero.

Next we are intended to show that a;(z)/a;(z) is not equal to a root of
unity for 1 <14 < j < 3. First observe that
a1(z) = Cop(z) or ai(z) = (a(z)
with ¢ a root of unity is impossible because of the different order. Namely
this would imply
ord(ay) = ord(ag) or ord(a;) = ord(as)
respectively, a contradiction. Now assume that we have

az(x) = Cas(z)
with ¢ a root of unity. Observe that the leading coefficients in the Puiseux
expansion of as(z), a3(z) are conjugate complex numbers. This follows from
the fact that
ord(az) = ord(as) = ord(u — v)

and u(z) — v(z) is one of the summands in the definition of those character-
istic roots. Thus the only possibilities are ( = 1 or —1 which both lead to a
contradiction since

ord(ae — ag) = %(degc —dega)
and as(z) + a3(r) = a(z) — a1 (x) # 0.

The proof that the sequence (G,(P(z)))32, is nondegenerate is com-
pletely analogous to the above case since we are only considering the order
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of the elements.
It remains to show the unsolvability of (20), (21) and (22). Because of

ord(ag) = ord(az) and ord(gz) = ord(gs)

it suffices to consider the following two cases:

g1(z)an (2)" = 91 (P(z))u (P(z))™

(29) { g2() s (2)" = go(P(2))as (P(z))™
g1 (2)an (2)" = g5 (P(z)) s (P(z))™

(30) g () s(2)" = g1 (P()) s (P(z))™
g3(z)as (2)" = g5 (P(z)) s (P ()™

Calculating orders we get
deg Go — 2dega + ndega = (deg Go — 2dega)(deg P + m dega deg P)

dega degc
<degG2— 2g — 2g

degc — dega
2

) (1 —degP)=(mdeg P —n)
or

(deg G2 — 2dega)(1 — deg P) = (mdeg P —n)dega

(2deg G2 —dega — degc)(1 — deg P) = (mdeg P —n)(degc — dega)
This yields

(m—1)degP =n—1.
Substituting this into the first equation leads to
(deg Go — dega)(1l — deg P) =0,

which implies deg P = 1 and therefore n = m or degGs = dega and

therefore deg G; < 0, in both cases a contradiction.
The second system leads to
deg G2 — 2dega +ndega = (deg G — %dega — %degc) deg P +
+m deg P% (deg c — dega)

1 1 1
deg Gy — idegc— 5dega+n§(degc—dega) =

1 1 1
= (deg Gy — idega — idegc) degP+mdegP§(degc— dega)

1 1 1
deg Go — Edegc— 5dega+n§(degc—dega) =
= (deg G2 — 2dega) deg P + m degadeg P,

which yields

1 1
0< 5(3dega —degc) = _mi(dega+ degc) < —mdegb < 0,
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a contradiction.

So the proof of Theorem 1 is finished. By Lemma 1 and Lemma 2 we get
by counting how often each system can appear, the following bound:
exp (30'°-7)+2-3- [3 + exp (187 - 4)] +3721+9-2% +9- (1 + exp (187 - 7))

which can be estimated by
exp(10%4).

This was the claim of Theorem 1. O
6. PROOF OF THEOREM 2

First we want to mention that a(z) = 0 means that we have

p() =be), 4z =c() and D(r) = yela)? ~ 5"

By our assumption that 3degb > 2degc we get
1
ord(u) = ord(v) = 3 degb

and the leading coefficients of the relevant Puiseux expansions are equal
to 4v/3 and —iy/3 times the square root of the leading coefficient of b(z).
Therefore we can conclude

ord(u —v) = %deg b and ord(u+v) =degc— degb.
Thus we get
ord(ay) = degc — degb,
ord(ag) = ord(az) = %deg b,

1
ord(a; — ag) = ord(a1 —a3) = 2 degb,

1
ord(ae — a3) = 3 degb
ord(a; + ag) = ord(ay + a3) = degc — deghb,
1
ord(as + a3) = 3 deg b.
Using (26), (27) and (28) we get from our assumptions concerning the
degrees of the initial polynomials
ord(g1) = deg G2 — 2degb,
ord(g2) = ord(gs) = deg G2 — 2degb.
Therefore we can conclude that g¢i(z),g2(z),g3(z), g1(P(x)), g2(P(x)),
g3(P(z)) are non-zero. The proof that (Gn(z))s, and (G,(P(z)))2,, are

n=0
nondegenerate is analogous to the proof of this fact in Theorem 1.
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As in the proof of Theorem 1 it suffices to prove the unsolvability of (29)
and (30). By calculating orders we get
deg G2 — 2deg b + n(degc — degb) = (deg G2 — 2degb) deg P +
+m deg P(degc — degb)
degb degb
deg Go — 2degb+nT = (deg G2 — 2 degb) deg P —I—mdegPT

This yields n = m deg P and by substituting this into one of the equations
above we get deg P = 1 which implies n = m or degGs = 2degb from
which we get deg G1 < 0, in both cases a contradiction. The second system
(29) can be handled analogously.

By Lemma 1 and 2 the theorem follows and the proof is finished. O

7. PROOF OF THEOREM 3
We start our proof with some useful lemmas.

Lemma 4. Let A,B,P € K[z]. Then gcd(A,B) = 1 if and only if
ged(A(P),B(P)) = 1.

Proof. Let us assume that gcd(A(P), B(P)) =1 and that gcd(A, B) > 1.
Then there exists a common root of A(z) and B(z) which we denote
by ¢ € K (observe that K is algebraically closed). Now let { € K be
a root of the polynomial P(z) — & with coefficients in K. Thus we have
A(P(¢)) = B(P(¢)) = 0, contradicting our assumption.

The proof of the converse can be found in [9, Lemma 4]. O

We will use the same notations as introduced in the proof of Theorem 1.

First of all we have because of deg D # 0 and ged(c, D) = 1 that ¢(z) # 0.
Therefore, from
a1(z)az(z)as(z) = —c(z),
it follows that «i(z),a2(x),as(x) # 0. Next we show that
a1(z),az(z),a3(z) are nondegenerate. We take ¢ € K such that
a(€) = 27c(€)? — 4b(€)® = 0. This implies that D(¢) = 0. From this
we can conclude

we) = 21 = 1O - JUO g i) = uge),

Therefore we have

a1 (§) =24/~
On the other hand we get

03(6) = as(6) = —/ ),
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which implies that a1 (z) differs from a9(z) and a3(z) by more than a root
of unity, because b(¢) # 0 by condition (3) in the theorem.
Now assume that we have

as(z) = Cag(z), CEK.
This yields

(1403 DD 16 u0) 4 o) — L ().

As above we derive a contradiction unless ( = 1. But assuming ( = 1 yields
2iv3U) ) _ g

contradicting the fact that u(z) = v(z) <= D(z) =0.
Because of Lemma 4 we can conclude in the same way as above that the
same holds for a1 (P(z)),as(P(x)), as(P(z)).

Next we want to proof the gi(x),ge(x),gs(x) # 0 holds. Observe that
they are given by (26), (27) and (28) respectively.

First observe that for £ € K we have: A({) =0 < a2(¢) = a3(€) and
A() = 0= a1(§) # a2(€),a3(§). We will need

ag(z) — az(z)

g1(z) = T(Gﬂx) — Gi(2)[a(z) — a1(z)] + Go(z)az(z)as(z))
and
Ga(a) ~ Ga(#)lo(a) — 01 (@)] + Golw)a(w)axs(z) =

= Ga(z) —a(z)G1(z) + @Gl(x) + G1(z)[u(z) + v(z)] + Go(z) [u(z)?
a(x a(z)?
+o(z)?] — Go(x)%[u(x) +v(z)] + Go(z) (9) — Go(z)u(z)v(z).
Observe that 3u(z)v(z) = p(z). Let £ € K with ¢(¢) = 0. This implies
u(§) = % p(§) and w(§) = —% p(§)

and therefore u(¢) + v(§) = 0. Because of the above equation and condition
(4) from the theorem we get

g91(§) # 0.

To handle g5 (), g3 (z) we prove the following lemma which will also enable
us to calculate v(g2) and v(g2) where v extends v¢ to F' for some ¢ € K.

Lemma 5. Let (Gn(2))5%, be a sequence of polynomials defined by (1) and
assume that ged (G3 — %ngGo — %bG% + %bQG%,D) =1 Let § € K be a
common root of a(xz) and D(x) and let v be an extension of ve to F. Then

)
v(g1A) = v(g2A) = 0.
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Proof. Since D(§) = 0 we have a2(¢) = a3(§) and by equation (27) we
have to show that
v(Ga — G1(a — a2) + Goaraz) = 0.

Observe that it is clear that we have > 0 since the a;(z), 7 = 1,2,3 are
integral over K[z] and the integral closure is a ring. Therefore it suffices to
show that

(G2 — G1(a — a2) + Goenas) (§) # 0,
but this follows from our condition: We have

1 2
(G2 + Girag + Goalag) (f) = (GQ — §G1\/3_b — gbG()) (f)
Assume this value to be zero. Then
2 1
(62~ 2060)” - 302 (9) -

contradicting the assumption in our Lemma.
The same holds for go(x) and therefore the proof is finished. O

We are intended to prove that the systems of equations (20), (21) and
(22) are not solvable. Observe that each of this systems contain at least one
equation of the form

(31) gi(z)ai(z)" = g (P(z)) oy (P(z))™
with ¢,k € {2,3} not necessarily different. We will show that already this
equation cannot have a solution.

We have deg D(P) = deg D deg P > deg D > 0, as deg P > 1 by assump-
tion (2). Hence D(P(z)) has a zero £ € K such that

ve(D(P)) > ve(D) > 0
which is also a zero of a(P(x)) which means v¢(a(P)) > 0. This implies that
there is a finite valuation v on F' such that by Lemma 5

V(9:(P)) = v(g2(P)) = ~v(A(P)) = —sv(D(P).

Moreover, we can conclude that v(az(P)) = v(as(P)) = 0, because
otherwise we would get a contradiction to condition (2) of our theorem.

Thus equation (31) implies
v(gi) + nv(os) = v(ge(P)),
which yields
nv(ai) = v(gr(P)) —v(g:) < —v(A(P)) +v(A) <0,
hence (31) has no solution in n, if v(a;) > 0 and at most one, if v(a;) < 0,

which is impossible since a1 (z), as(z), as3(z) are integral over K[z], as they
are zeros of the monic equation T2 — a(z)T? — b(z)T — c(z) = 0 with
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coefficients in K[z]. Therefore, we have v(a;) > 0. Consequently (31) has
no solution.

So, we have shown that (20), (21) and (22) have no solutions (n,m) € Z2
with n,m > 0,n # m. It is clear that we get the same bound as in Theorem

1.
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