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ABSTRACT. In this paper, we prove that there does not exist a set of
four polynomials with integer coefficients, which are not all constant,
such that the product of any two of them is one greater than a square
of a polynomial with integer coefficients.

1. INTRODUCTION

Let n be an integer. A set of m positive integers is called a Diophantine
m-tuple with the property D(n) or simply D(n)-m-tuple, if the product of
any two of them increased by n is a perfect square. The first D(1)-quadruple,
the set {1,3,8,120}, was found by Fermat. The folklore conjecture is that
there does not exist a D(1)-quintuple. In 1969, Baker and Davenport [1]
proved that the Fermat’s set cannot be extended to a D(1)-quintuple.
Recently, the first author proved that there does not exist a D(1)-sextuple
and there are only finitely many D(1)-quintuples (see [10]).

In the case n = —1, the conjecture is that there does not exist a
D(—1)-quadruple (see [5]). It is known that some particular D(—1)-triples
cannot be extended to D(—1)-quadruples (see [2], [6], [13], [14]). Let us
mention that from [9, Theorem 4] it follows that there does not exist a
D(—1)-33-tuple.

This n = —1 case is closely connected with an old problem of Diophantus
and Euler. Namely, Diophantus studied the problem of finding numbers such
that the product of any two increased by the sum of these two gives a square.
He found two triples {4, 9, 28} and {%, 25—1, 1—70} satisfying this property. Euler
found a quadruple {2, &, 53, $21 (see [4], [3]). In [8] an infinite family of
rational quintuples with the same property was given. Since

zyt+z+y=(z+1)(y+1)—1,

we see that the problem of finding integer m-tuples with the same property
is equivalent to finding D(—1)-m-tuples.

*This work was supported by the Austrian Science Foundation FWF, grant S8307-
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A polynomial variant of the above problems was first studied by Jones
[11], [12], and it was for the case n = 1.

Definition 1. Let n be an integer. A set {a1,aq9,... ,an} of m polynomials
with integer coefficients, which are not all constant, is called a polynomial
D(n)-m-tuple if for all 1 <1 < j <m the following holds: a;-a; +n = bzgj,
where b;j € Z[x].

A natural question is how large such sets can be. Let us define
P,, =sup{|S| : S is a polynomial D(n)-tuple }.

(From [9, Theorem 1] it follows that P, < 22 for all n € Z. The above
mentioned result about the existence of only finitely many D(1)-quintuples
implies that P, = 4.

In the present paper, we will prove that P_; = 3. First of all, P_; > 3.
More precisely, if a - b — 1 = r2, then

{a,b,a + b+ 2r}
is a polynomial D(—1)-triple. E.g.
{z? +1,2% 4+ 2z + 2,42® + 4z + 5}

is a polynomial D(—1)-triple (see [2]). Therefore, we have to prove that
P 1 < 4, and this is the statement of our main theorem.

Theorem 1. There does not exist a polynomial D(—1)-quadruple.

The proof of Theorem 1 is divided into several parts. In Section 2, we
transform our problem into a system of polynomial Pellian equations, which
leads to finding intersections of some binary recursive sequences. We obtain
some useful information about initial terms of these sequences.

In Section 3, we show that there is no loss of generality in assuming
that one element of our initial triple is equal to 1. This, together with
results from Section 2, allow us to completely determine initial terms of
corresponding sequences.

In Section 4, we prove Theorem 1 by showing that our sequences can-
not have nontrivial common terms. This is done by comparing degrees and
leading coefficients of corresponding polynomials.

2. TWO SEQUENCES OF POLYNOMIALS

Let Z*[z] denote the set of all polynomials with integer coefficients with
positive leading coefficient. For a,b € Z[z], a < b means that b — a € Z*[z].
The usual fundamental properties of inequality hold for this order. For
a € Z[z], we define |a] =a ifa >0, and |a| = —a if a < 0.
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If {a,b,c,d}, a < b < ¢ < d is a polynomial D(—1)-quadruple, then
d is non-constant. Assume now that a and b are constant polynomials.
Considering leading coefficients of ad — 1 and bd — 1 we conclude that ab
is a perfect square, contradicting the assertion that ab — 1 is also a perfect
square. Therefore, we proved that in a polynomial D(—1)-quadruple there is
at most one constant polynomial. It is also clear that all leading coefficients
of the polynomials in a polynomial D(—1)-m-tuple have the same sign.
This implies that there is no loss of generality in assuming that they are all
positive, i.e. that all polynomials are in Z*[z].

Let {a,b,c}, where 0 < a < b < ¢, be a polynomial D(—1)-triple and let
r,s,t € Z*[z] be defined by

ab—1=72 ac—1=s% bc—1=1t>.
In this paper, the symbols r,s,t will always have this meaning. Assume

that d € Z*[z],d > c, is a polynomial such that {a,b,c,d} is a polynomial
D(—1)-quadruple. We have

(1) ad—1=u% bd—1=1v% cd—1=22

with u,y, z € Z*[z]. Eliminating d from (1) we obtain the following system
of polynomial Pellian equations

(2) az’ —cu® = c—a,

(3) bz? —cy? = c—b.

We will describe the sets of solutions of equations (2) and (3). We will follow
the arguments in the classical case of Pellian equations in integers (cf. [7]).

Lemma 1. If (z,u) and (z,y), with u,y, z € Z*[z], are polynomial solutions
of (2) and (3) respectively, then there ezist zy,uq € Z[z] and z1,y1 € Z[x]
with

(i) (z0,u0) and (z1,y1) are solutions of (2) and (3) respectively,

(ii) the following inequalities are satisfied:

(4) 0 < |ug| < s,
(5) 0<zp<e
(6) 0 < |yl <t,
(7) 0<z1 <ec

and there exist integers m,n > 0 such that

) 2V + /e = (/a4 uov/a) (s + Vae) ™,
(9) Z\/[;-l-y\/E: (21\/5+y1\/5)(t+\/%)2"’
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where this means that the coefficients of v/a, Vb and V¢ respectively on both
sides are equal.

Proof. It is clear that it suffices to prove the statement of the lemma for
equation (2). First observe that

(s + vac)*™ = (52 + ac + 2sv/ac)™ = (2ac — 1 + 2s5v/ac)™

2m

and by multiplying with the conjugate (s — \/ac)*™ we see that

(10) (s + vac)™(s — Vac)”™ = (s* — ac)”™ = (-1)"" = L.

Let now (z,u) be a solution of (2) in polynomials from Z*[z]. Consider all
pairs (z*,u*) of polynomials of the form

2*Va 4+ u*ve = (zva + uve) (s + Vae)®™, m e 7.

By (10) it is clear that (z*,u*) satisfies (2).

We would like to show that z* > 0. We write (s + /ac)?™ = A + B /ac,
where A, B € Z[z] satisfying A? — acB? = 1. Therefore we have

Z"Va+u've = (zva+uVc)(A+ Bvac) = (Az+cuB)Va+ (AutazB)Ve,

and this yields

z* = Az + cuB.
Now, if m > 0 then we have A, B > 0 and thus z* > 0. On the other hand, if
m < 0 we have A > 0, B < 0. If we assume that z* < 0, we have Az < —Bcu
and both sides are > 0. Squaring yields A2z < B2c?22. Using the fact that
A? — qcB? = 1 we obtain z2B?%ac + 22 < B?c?*u? and therefore

22 < ¢B?*(cu® — az®) = ¢B%*(a —¢) < 0,

a contradiction.

Among all pairs (z*,u*), we can now choose a pair with the property that
z* is minimal, and we denote that pair by (zg,ug). Define polynomials 2’/

and u’ by

2'vVa +u've = (z0v/a + ugvc)(2ac — 1 — 2sev/ac),

where ¢ = 1 if ug > 0, and € = —1 if ug < 0. From the minimality of 2z
we conclude that 2’ = 2z¢(2ac — 1) — 2csuge > zp and this leads to cs|ug| <
zo(ac — 1) and further to c|ug| < szg. Squaring this inequality we obtain

aczt —c(c—a) = ul < acz} — 22

and finally
22 < c(c—a) <
which implies (5). Now we have

2 2 2

(11) cul =azl —c+a<ac® —a*c—ct+a<ac’ —c=cs
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and therefore we obtain also (4). Hence, we have proved that there exists
a solution (zg,up) of (2), which satisfies (4) and (5), and an integer m € Z
such that

2v/a+uy/e = (z0v/a + ugV/e)(s + Vac) ™™

It remains to show that m > 0. Suppose that m < 0. Then, as above, we have
(s + vac)*™ = A — By/ac, with A, B € Z1[z] satisfying A2 — acB? = 1. We
have u = Aug — 2pBa and from the condition u > 0 we obtain Aug > zyBa
and by squaring u3 > B2a(c — a) > ac — a?, which by (11) implies

2

ac® — a’c < cu% < ac® —a’®

c—c+a.

This implies —c + a > 0, which is clearly a contradiction. O

The solutions z arising, for given (zo,ug), from formula (8) for varying
m > 0 form a binary recurrent sequence (vy,)m>0 whose initial terms are
found by solving equation (8) for z when m = 0 and 1, and whose char-
acteristic equation has the roots (s + v/ab)? and (s — v/ab)?. Therefore, we
conclude that z = vy, for some (29, ug) with the above properties and integer
m > 0, where
(12) vy = 20, v1 = (2ac — 1)zp + 2scug, vm+2 = (4ac — 2)vp+1 — V.

In the same manner, from (9), we conclude that z = w,, for some (z1,91)
with the above properties and integer n > 0, where

(13)  wo =21, w1 = (2bc — 1)2z1 + 2tcy1, Wmi2 = (4bc — 2)wp 11 — Wy

Now the following congruence relations follow easily from (12) and (13) by
induction.

Lemma 2. Let the sequences (vm) and (wy) be given by (12) and (13).
Then we have

vm = (=1)™2p (mod 2¢), wp =(—1)"2z (mod 2c).

Proof. It suffices to prove the statement of the lemma for v,,. By looking
on (12) we have

vy = 29, V1 = —2¢ (mod 2c).
Proceeding the induction step, we see using (12)
vmt2 = —2(=1)"" 20 — (=1)™20 = (=1)""?2) (mod 20),
as stated. O
Now we can prove the following lemma, which says that a solution of

U = Wy implies also a solution at the beginning of the sequences.

Lemma 3. If the equation vy, = wy, has a solution, then zg = z1.
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Proof. Assume that v, = w, has a solution. By Lemma 2 we conclude
29 = £21 (mod 2c).

If we assume that zp = z; (mod 2c), then we can conclude by using (4) and
(7) from Lemma 1, namely

O0<zpp<e, 0<z<ec

that zp = z; holds. If we assume that zp = —z; (mod 2¢), we have 2c¢|zy + 21,
which contradicts the fact that zy + z; < 2c¢. This finishes the proof. O

3. REDUCTION TO THE CASE ¢ =1

In this section, we show that it suffices to prove that polynomial D(—1)-
triples {a,b,c}, where a = 1, cannot be extended to a polynomial D(—1)-
quadruple.

Lemma 4. Let {a,b,c,d} with0 < a <b < ¢ <d be a polynomial D(—1)-
quadruple. Then there exists dy € ZT[z] with dy < c¢ such that ady — 1,
bdyg — 1, cdy — 1 are perfect squares.

Proof. We are interested in sequences (v,,) (and (w,)) such that 2% =
vZ, = w2 = cd — 1, where d € Z*[z]. This implies that v2, = —1 (mod c).
By Lemma 2 this means

72 = —1 (mod c).
In this case we define )
1
dy = 2t € Zm[z].
c

For this dy we have
Cd() —1= 2(2) .
By Lemma 3 we find

2+1 2+c—b+b
bdo_lzbu_lzw_lzy%
c c
and finally also
2 +1 2 _ 2

1 1
ady —1=a —1=>(azd +a—c) = ~cuj = u}
c c

c
holds. Furthermore, we have

cdy =25 +1< ¢,
which implies
dy < c.
O

Assume now that {a,b,c,d} is a polynomial D(—1)-quadruple with
minimal d. We may use Lemma 4 to construct dy. From the minimality of
d, it follows that {a,b,c,dy} is not a polynomial D(—1)-quadruple and this
means that dy € {a,b}. But this implies that d3 — 1 is a perfect square,
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which can only hold in the case when dy = 1. Since b > a > 1, we conclude
that ¢ = 1.

Remark 1. It follows that it suffices to consider polynomial D(—1)-
quadruples, which contain the constant polynomial 1.

Now let {1,b,c} with 1 < b < ¢ be a polynomial D(—1)-triple. By the
previous discussion, we have dy = 1. This implies that zg 4+ 1 = cand
therefore we have zy = *s. Because of the fact that z; > 0 we have zy = s.
In the same way, we can conclude that z; = s. Now we have

cul=22—c+l=c—1—c+1=0

and this yields ug = 0. Finally we get

cff =bz —c+b=blc—1)—c+b=bc—c=cr’

and therefore y; = +r. To sum up, it suffices to consider the following three
sequences

(14) vo =8, v1 = (2¢ — 1)s, V2 = (4¢ — 2)Vmi1 — U,

and

(15) wy = s, wi = (2bc — 1)s + 2tcr, wpio = (4bc — 2)wp 1 — wp,
(16) wy = s, wy = (2bc — 1)s — 2ter, w5 = (4be — 2)w;, | — wj,.

4. PROOF OF THEOREM 1

Let {1,b,c} be a polynomial D(—1)-triple. Let us repeat the defining
equations:
b—1=7r2 c—1=35% bc—1=1>.
In what follows, we need the leading coefficients of b and ¢. We know that
b and c¢ are non-constant, and thus their leading coefficients are perfect
squares. Let us give them names:

le(b) = B2, le(e) =,
where 8 and «y are positive integers. Let vy, and wy,w], be the remaining
sequences from the last section. To finish the proof, we have to show that
no nontrivial solution is obtained from these sequences. The trivial solution
is always v9g = wy = s, which leads to d = 1, which does not yield the
extension of our triple {1, b, c}. We divide the proof in three cases. The first
one is handled in the following lemma.

Lemma 5. The equation v, = w, has no nontrivial solution.

Proof. First let us mention that degv,, < degvmp+1, m =0,1,2,.... To
be precise we have

1
(17) deg v, = §degc+mdegc, m > 0.
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This follows at once by induction using the recurring formula (14). The same
is also true for the second sequence w,, with

1
(18) degwn:5degc+n(degb+degc), n > 0.

Again, by induction, we can now read off the leading coefficient of v,,, which
is

22m—172m+1, m Z 1
We have lc(vg) = 7, le(v1) = 2y* and using the recursive formula (14) we
get

292m—1,2m+1 _ 22(m+1)—172(m+1)+1.

le(vmt1) = 47°1c(vpm) = 4y y
In the same way, we find the leading coefficient of w,, which is
22n/32n72n+1 .
First we have lc(wg) = v, le(wr) = 28292y + 287y2B8 = 43%73. By using the
recursive formula for w,, one finds

le(wny1) = 48%y%1c(wy,) = 2222 t22n+3,

If the equation v, = wy, has a solution, we must have equal leading coeffi-
cients, which means

22m—1 2m—+1 — 22nﬁ2n72n—|—1_

v

2m7'fl m—n 2
( 7 >:2’

m—n.,m-—n

R

a contradiction. Thus v, = w, cannot hold and the proof is finished. O

This implies

which yields

To handle the equation v, = w},, we have to distinguish whether degb <
degc or degb = degc holds.

Lemma 6. Assume that degb < degc. Then the equation v, = w, has no
nontrivial solution.

Proof. First we calculate
wiw, = (2bc—1)%s? —4t?r? =
—4b*c® + 4bc + ¢ — 1 + 4bc® — 4c?.
Because of our assumption degb < degc, we obtain that the dominating
summand is 4bc3. Therefore we get
le(w|w;) = 46248
and
deg wiw; = 3degc + deghb.
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On the other hand, we already know that
le(wy) = 4677
and 3
degwy = degb+ 2 degc.
Hence, we can conclude that

3

le(w}) =7° and degw] = gdeg c.

Now by induction and by the recursion (16) we get that degwj, < degwy,,;
and that the leading coefficient of w], is given by
22n—2ﬁ2n—272n+1’ n Z 1.
Namely we have lc(w)) = 7,1lc(w}) = v® and using (16) we obtain
le(ufy 1) = 46°le(u,) = 22767725,

Again, if v, = w], has a solution, we can conclude by comparing the leading

coefficients that

22m—1 2m+1 _ 22n—2162n—272n+1.

y
As before we get

\/i — 2n—m,yn—m13n—1 € Q,

which is a contradiction. This yields that in this case no solution can exist. [

Before we can prove the remaining part, we need the following useful gap
principle for the elements of a polynomial D(—1)-m-tuple. The principle is a
direct modification from the integer case (see [9, Lemma 3]). The analogous
statement for polynomial D(1)-triples was proved by Jones in [12].

Lemma 7. Let {a,b,c} be a polynomial D(—1)-triple. Then there exist poly-
nomials e,u,y, z € Z[x] such that

ae+1=u? be+1=192 ce+1=2>
and

c=a+b— e+ 2(abe + ruy).

Proof. Define
e =—(a+ b+ c) + 2abc — 2rst.
Then
(ae 4+ 1) — (at —7r5)> = —ala+b+c)+2a%bc — 2arst +1 —
—a?(bc — 1) + 2arst — (ab—1)(ac — 1) = 0.
Hence, we may take u = at — rs, and analogously y = bs — rt,z = cr — st.
We have
abe +ruy = —abla+b+c)+ 2a%b%c — 2abrst + abrst —
—a(ab—1)(bc — 1) — b(ab—1)(ac — 1) + rst(ab— 1) =
= abc— (a+0b) —rst,
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and finally
a+b—e+2(abe+ruy) = 2a+2b+c—2abc+ 2rst+2abc—2a—2b—2rst = c.
(|

Using this lemma we can finish our proof.

Lemma 8. Assume that degb = degc. Then the equation v, = w!, has no
nontrivial solution.

Proof. First we conclude by Lemma, 7 that there exist polynomialse, f, g, h
such that

(19) e+1=f% be+1=¢g>% ce+1=h2
and

c=1+b—e+2(be+rfg).
By looking at the proof of Lemma 7, we see that we have

e=—1—b—c+ 2bc — 2rst.
We want to show that e = 0. Let us assume e # 0 and define

e=—1—b—c+ 2bc+ 2rst.
Then
(20) degé = degb + degc = 2deg ¢ = deg ¢’
Let us calculate

e = (2bc—1—b—c)? —4r?s*? =
= (2bc—1-b—c)?—4(b—1)(c=1)(bc—1) =
= 140>+ c* —2b—2bc — 2c+ 4.
This yields
dege + dege = degee < deg ¢’
Using (20), we can conclude
dege < 0.
But looking at (19) we see that
et+1=¢? and e=1?

must hold with ¢, € Z. This is only possible if e = 0.

This implies now that f =1,g =1 and ¢ = 1+ b+ 2r. Next let us express
all polynomials in terms of the polynomial . We have

b=r?+1,

and therefore
c=r2+2r+2.
Next we calculate s> =c—1=b+2r =72+ 2r +1 = (r + 1)2, thus

s=r+1.
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In the same way, we get via t> = bc—1 = (P2 + 1)(r2 +2r +2) -1 =
rt 4+ 2r3 +3r2 4+ 2r +1 = (r2 +7 +1)2, that

t=r24r+1.
This gives us
w) = (2bc—1)s—2ter =
= 2+ 43+ 6r2 +4r +3)(r+1) =203 + 2+ 1) (r2 +2r +2) =
= 2r° +3r+3.

;From this we conclude that
degw)| = degc
and by induction, using the recurring formula (16), we get
degw] = degc+2(n—1)dege, n>1.
Let us assume that v, = w}, has a solution. Then by comparing the degree

of vy, which is given by (17), and the degree of wl,, we get

1
Edegc—l—mdegc =degc+2(n—1)degc

and 1

5 +m = 2n — ].,
a contradiction. Therefore v,, = w], cannot have a solution and the proof is
finished. 0

Now Theorem 1 follows directly from Lemma 5, Lemma 6 and Lemma 8.
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